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ARE YOU READY? 



Your first question (after you have decided you are 
one of the people described by the title of this book) 
probably will be: Am I ready for this encounter with 
calculus? 

lo help you answer this question for yourself, here 
are a few of the assumptl^ as the author had to make concern- 
ing the state of your mathematical knowledge to guide him 
In writing: 

1 • That you have a working knowledge of basic arithmetic* 
2» That you have completed a course In basic algebra* 
3« That you are familiar with the general procedures 
for plotting curves on a rectangular coordinate 
system (this you should have le€unied from algebra*) 
4« That in addition to the above you also are familiar 
with the following concepts from trigonometry: 
the sine 9 cosine, tangent and secant functions; 
the slope of a curve (or gradient) at a point, as 
represented by the tangent; and various ways of 
indicating the relationships between variables, 
such as f(x), etc* 
Entry into a college course in calculus normally will 
require that you have had a regular course in trigonometry 
and, preferably, a course in plane analytic geometry as well — 
unless you take the latter course concurrently with you 
oaloiilus course* 
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To help you further in making a decision as to your 
readiness you will find below a brief preliminary quiz 
covering some of the items referred to above, V/hen you 
have completed this quiz, check your answers against those 
given. If you find there are some things you thought you 
knew but didn't, be sure to look these up in a good text- 
book before starting, 

That way you will be sure you are ready. 

Now turn to the next page for the Preliminary Quiz, 
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Preliminary Quiz 



1 • A constant is a quantity whose value is 

(word describing the nature 
of a constant). 

2. A variable is a quantity that (a. b or o). (a) keeps 

chsuiging 

^ (b) can assume an 

indefinite 
number of val- 
ues in the 
same problem 
(c) has only one 
value for any 
given problem 



3« A function is a relationship between two 



variableu 
constants 
ratios 



4. 



5. 

6. 
7. 
8. 

9. 
10. 

11. 



A variable whose value depends upon the value 
of another variable is known as a(n) 
variable . 

An independent variable determines the value 

of the relate'! variable. 

The symbol < means . 

The symbol )> means . 

The symbol^ means , 



The symbol^ means 



A secant line is a line that cuts a curve in 
two points. 

A tan/yent line is a straight line that 



true 
false 



t2nie 
false 
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true 
false 



12* The tangent represents the slope of a line, true 
or of a curve at a particular point. false 

13. In trigonometry, the tangent function Is the 
ratio of the side opposite an angle (in a 
right triangle) to the side. 

14. The expression f(x) means . 

15. Cartesian coordinates are rectangular true 
coordinates. false 

16. A polynomial Is an algebraic expression that 
has only positive whole numbers for the ex- 
ponents of the variables. 

17. Coefficient Is the name given to a factor 
(or group of factors) of a product to de- 

scribe Its relation to the remaining factors. ^alse 

18. The number 3 in the expression is called 
the . 

19. In the expression (3,2), representing the 
coordinates of a pointy what does the number 
2 stand for? 

20. The curve Icnown as the parabola is an expo- true 
nentlal cxirve. (Although it wouldn't hurt false 
you tu look this up if you don't know the 

answer, you needn't be too concerned as we 
will explain it in the text.) 



Turn to the next page to check your answers. 
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Answers to Prelimin a ry Quiz 

1 . fixed 

2. b; can assume an Indefinite number of values 
In the s£u&e problem, 

3. variables 

4. dependent 

5. true 

6. less than 

?• greater than 

8. greater th£ui or equal to 

9. approximately eqxicl to 

10. true 

11. Is perpendicular to a radius at the point where 
It touches a circle 

12. true 

13. adjacent 

14« function of x 

15. true 

16. true 

17. true 

18. exponent 

19. the value of y, the ordinate 

20. true; because the general equation for the parabola 

2 

IS y = 4px. Unless you have studied plane analyti- 
cal geometry you probably didn't know this. So don»-u 
count It off If you got it wrong. 
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INTRODUCTION 



First let me set your mind at ease* 

This is not a textl)ook« Zt contains few of the 
proofs so dear to the heart of the professional mathematiciam. 
And it is a long way from heing even a first course in calcu- 
lus. On the contrary, it is purposely brief, like the cross- 
hairs in the telescopic sight of a target rifle, locked on 
the hullseye, it is aimed at just one thing: Helping you to 
understand the basic concepts upon which calculus is 
founded. Nothing more. 

You will be given explanations (hopefully the kind that 
explain), examples and, in appropriate places, a few problems 
to work — just enough so that you yourself are satisfied 
you imderstand the points being discussed. 

The purpose of this book is, very simply, to give you a 
running start on the subject, prevent you from getting left 
behind in your regular (school) calculus course, and to keep 
you from teOcing a fatal wrong step at the beginning because 
you have misunderstood — or not xmderstood — some important 
concept. (This usually turns out to be the concept of a 
limit .) 

So relax and enjoy it! No one will be breathing down your 
neck (at least not in this course). We will proceed at a 
leisurely pace, taking one small step at a time. Hope- 
fully you will be reading this book before starting your 
college calculus course. But if not before, then at least 
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aa oarly aa possible during the course, as a supplement to 
your required text. 

At the conclusion of the chapters dcalin,^ with differ- 
ential calculus, and- a^jain after the chapters on integral 
calculus, you will find short, self-administered quizzes. 
Their only purpose is to enable you to check up on yourself 
and see how well you have done. The results should improve 
your morale and help remove some of the trepidation that 
normally accompanies one^s first dip into the sea of calculus. 



NOTE 

Much of this book has been put to- 
gether differently from most books you 
have read. On many pages you \7ill be 
asked a question or asked to supply an 
ansv/er, V/hen this happens, turn to the 
page indicated to check your ansv/er and 
to continue. 

Because not all of the pages are 
intended to be read consecutively, it 
v/ould be helpful co use a bookmark to 
help you to keep your place. 



ICow turn to page 1, please, and we'll get started. 
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CHAPTER 1 ; \m OALCULUS? 

This is a question you deserve to have answered at the 
outset* 

It you have decided to study the subject then presumably 
you have some reason for doing so. Is it because it is a re- 
quired course for some branch of engineering? Psychology? 
Chemistry? Physics? Economics? Advanced basket weaving? 
If so there is nothing wrong with that as a reason, except 
that it would be helpful to know wh^ it is a required course. 

Are you studying calculus because you plan a career in 
mathematics? If so, then I am sure you will need little con- 
vincing as to the importance of acquainting yourself with this 
powerful mathematical tool. Doubtless you will have discovered 
..already that calculus is, purely and simply, the starting 
point of all advanced mathematics. Without it you are stopped 
before you start. Without a working knowledge of arithmetic 
you would not get far with algebra. Without a working know- 
ledge of algebra >ou will not get far with calculus. And 
without calculus you would not get far with any aspect of 
mathematics beyond the elementary. 

Why is this so? Because ' calculus enables the solution 
of problems that cannot be solved in any other way. And 
even problems that can be solved in other ways often can be 
solved faster, more accurately, or both with the aid of 
calculus, 
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?or example. How would you go about finding the speed, 
at any exact instant of time, of a baseball thrown up into: the 
air OP dropped from a tall building? Remember, it vdll be 
acted upon by gravity all the time it is in the air. Gravity 
will constantly be trying to pull the ball back to the earth's 
surface. The effect on a ball thrown up into the air will be 
to slow its passage upward and to accelerate its return to 
earth. Thus its speed will be changing constantly \mder the 
attractive force of gravity. 

It would be possible, of course, to estimate the ball's 
actual speed at any particular moment by calculating its average 
speed during a very short period just before and Just after 
the selected moment. (We will do this a little later on so 
that you can see the method.) But this would yield only an 
approximation of thp "ball's instantaneous speed, that is, its 
speed at any specified instant of time. 

The fact of the matter is that before the advent of 
calculus there was no way to compute instantaneous speeds 
of this nature either quickly nor accurately. Mathematicians 
simply didn't know how to do it; they did not have the necessary 
mathematical tools. And this was most frustrating to them 
because around the beginning of the 17th century (as you will 
learn from Chapter 8) r-he natiipral scientists of that day were 
studying the movement of pendulums, the planets, and all 
kinds of moving objects quite intensively. The fact that many 
such objects moved at varying speeds gave rise to the ques- 
tion from which calculus was bom, namely; "What is speed?" 
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The question of speed Is, then, the fundamental one 
of calculus. But this does not mean that the use of cal- 
culus Is confined solely to the study of falling ohjects. 
the movement of planets or purely mechanical matters. 
Another name for speed Is rate of chan.ee , and the ques«» 
tlon of how to determine rates of change occurs In many 
different situations. Thus, we find calculus applied to 
all aspects of physics — heat, light, sound, magnetism, 
electricity, gravitation, the flow of water. Calculus 
enabled James Clerk Maxwell to predict radio twenty years 
"before any physicist could demlnstrate railo experimentally. 
Einstein's theory of 1916 and the atomic theories of the 
nlneteen-twenties relied heavily upon calculus. 

In addition to these applied a&pects of calculus it 
also stimulated the development of several new branches of 
pure mathematics. In fact, ftw branches of mathematics 
have appeared in this century that do not use calculus. 
Anyone attempting to study these subjects without a back- 
ground in calculus would be lost. Problems that can be 
handled relatively simply with the aid of calculus be- 
come enormously difficult to solve — if indeed they can 
be solved ~ without it. 

In addition to making it possible to handle dynamic 
problems, such as the relationship between time, speed 
and distance, the development of calculus also turned 
out to supply a method for analyzing curves. The subject 
of curves may seem a bit remote from that of speed. How- 



ever, interestingly enough, the problem of finding 
the rate of change of direction of a curve at a given 
point (which is, of course, measured by the rate of change 
of the slo^e of the curve at the point) is closely related 
to the physical problem of finding the instantaneous 
speed of a moving body. We will look into this matter a 
little later on in the book. 

Now although calculus grew from a fairly simple idea, 
the idea of speed, there is a general impression that it 
is a difficult and complex subject. And so it is — or 
can be. Its difficulty and complexity depend upon hov/ far 
into the subject one attempts to go without proper prepar- 
ation* The fundamental concepts are (^uite simple, and 
these are all we will attempt to cover in this short treat- 
ment of the subject. But there is practically no limit 
to hov^ far into it one can go or hov^ many applications 
and nev fields for exploration one can find by studying 
it* The housewife who finds an electric egg-beater easy 
to operate might experience some difficulty solving the 
mechanical and electrical problems involved in designing 
it. 

Similarly, most people can, with a little effort, 
learn how to apply calculus , successfully in solving many 
kinds of practical problems. Hov/ever, few would find it 
easy to devise new applications or to apply it in the 
more abstract and theoretical aspects of advanced mathe- 
matics. 

How much of calculus should we, then, attempt to 
cover in an introductory book? 



I believe the answer is: (1) only what the reader 
neods to Imow in order to be able to use the proccesses 
of differentiation and integration where appropriate; 
(2) enough so that he can recopinize at least some situa- 
tions where its use is appropriate; and (3) sufficient 
theory (that is, familiarization with the concepts upon 
which calculus is based) to assist his passage through 
a formal (college) course. 

Obviously this is the kind of compromise that will 
please no one except, hopefully you — the learner. But 
then this book was written for you, so we need not con- 
cern ourselves with any alarmed denouncements by the 
professional mathematicians. Dissatisfaction or failiire 
to learn on your part is, hov/ever, another matter. That 
we are very much concerned about. 

Chapter 8, to which v/e already have referred, con- 
ins a brief historical review of the development of 
mathematics and of the kinds of problems that early 
mathematicians found it difficult or impossible to solve 
until the advent of calculus. It has purposely placed 
at the rear of the book so that you may read *,t or not, 
depending upon the extent of your interest in aoyf calculus 
came to be. 

Let* us no\r proceed to Chapter 2 where we will begin 
our investigation into the rudimental aspects of calculus, 
v/orking our way slov/ly, step by step, from the presently 
known to the presently unknown. 
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CHA?TH";R 2; SO \^IAT»S IW:! ABQTTT UNI TS? 

Let«s becin with what you already know about limits. 

Did you ever feel you were roachine the "limit of your 
patience?" This thought is based on the notion (which v;e 
won't debate now) that each of us has only a fixed supply 
of patience and that circumstances can make one feel he has 
just about used up his supply. A mathematical way of saying 
this would be to say that our reserve (remaining amount) 
of patience is approaching zero as a limit . And using 
standard mathematical symbols we could express this situation 
symbolically as: Patience — >0. (in case you have for- 
gotten, the arrow means "approaches.") 

Similarly, when we speak of reaching the "limit of our 
endurance" we really are referring to the fact that our 
supply of energy is fast approaching zero as a limit . 
Thus : Enduranc e — > 0 . 

Many of us have been faced with the dilemma of having 
the amount of gasoline remaining in our gas tank "approach 
zero" at an inopportune moment, V^e also know about mi3.itary 
limits (being "off limits"), speed limits, the ground being 
the limit for a falling ball, etc. 

These examples all have something in common. Can you 
tell v/hat it is? Try putting it into words, then chock 
your answer with the one given. 

Turn to page 8 to cheek your answer. 



-8- 



ans, Tho concept of the distance from some fixed 
position, or of a quantity, approaching zero 
as a limit, 

C^he forccoin^ examples are fine for developinc an 
intuitive notion of limits. But in order to be able to une 
this concept to help solve the kinds of problems that con- 
cerned Newton, leibnitz and most of the other early mathema- 
ticians back to the days of the Greeks, we will need to ex- 
amine it more closely. 

Notice that, for the most part, we tend to think in 
terms of the portion of the orifcinal amount remaining, rather 
than in terms of how near that remainder is to zero. Chus, v/e 
are more concerned v/ith the amount of patience used up rather 
than with how much remains; how faat v;e are travelling rather 
than hov/ much our speed differs from the speed limit; the 
amount of gas left in the tank rather than hov; close this amount 
is to zero. It is a subtle attitude of mind or way of think- 
ing that v;e need to become av/are of in our discussion of limits. 

The difference betv;een our intuitive concept of limits 
and the mathematical concept lies in this important fact: 
In mathenatics v/e are T^rinarily internstod in the difference 
betv/een so-^e amoimt and the limit zero . 

Consider this idea with relation to a specific speed 
limit such as 35 mph. Usually we would say that as our car 
speed increases, it approaches 35 mph as a limit. How could 
you express this situation in terms of the difference between 
your speed and 35 mph? 

Check your answer on page 10. 
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ans* as — >35f — 

BEST COPY AVAIUBLE 

c s 

In the answer given above was used to represent 

the speed of the car as it approached 3$ mph and D stood 

s 

for the difference between the spec^d of the car and the speed 
limit of 35 mph (other symbols would serve as well). 

No doubt you could think of many other examples, but 
even these few are sufficient to allow us to arrive at some 
kind of a general statement about such situations. 

We might, for example, say something like this^ As the 
value of any quantity approaches some limit, the difference 
between the value and its limit approaches zero. Symbolically 
expressed it would look something like this: 

as — VL, (V<^L) ^0. 

stands for the value of the quantity (whatever its 
nature — gallons, miles per hour, inches, oranges, light 
years), L stands for the limit the value is approaching, 
and V^L represents the amount by which the value differs, 
from its limit at any given moment. 

Now suppose you were climbing a mountain and your ob- 
jective was to reach a height of 3000 toet above sea level* 
If we Idt h represent your height above sea level and L 
represent your altitude goal, how would you interpret in 
words the following symbolical representation — or 
mathematical model — • of this situation? 
h — ^L, ih^L) — >0 

Turn to page 11* 



BEST copy mMM 

ans. Ao your G])eed incroaccc, the difference betv/een 
your speed and 55 mph approaches zero as a limit. 

Do you see the difference? 

As we onrmonly use the v/ord "limit" we are chiefly 
intorectod in the ma-^nltudo or size of a quantity as it ^ets 
nearer and nearer to some limit. In matheinatics v/e are more 
interested in the difference in or distance hetv/een the quan- 
tity and its limit. 

Relating these two notions \re can say that ac a quantity 
approaches a limit, the dif ferenc^e between the quantity and its 
limit aT)T)roaches ^ero as a limit . 

In order to get used to seeing v;hat this kind of re- 
lationship looks like in mathematical shorthand, let's try 
expressing it symbolically. Take the case of the fillin^r gas 
tank. As the quantity of gasoline in the tank approaches 16 
gallons (the tank's capacity), the space remaining in the tank 
approaches zero. We can express this as follows: 
as — >-16, >0, 

v/here Q.^ represents the quantity of gas (in gallons) and S 
6 r 

represents the space remaining. Obviously all v/e have done is 

to use the little arrov/s to mean "approaches" and invented a 

few letter symbol to represent the values involved. Not very 

technical and certainly not very formal mathenatics, but it 

says what v/e v/ant it to say and that's the only purpose of 

?.ny nathenatical symbol. 

'low suppose yon make up Fione symbols of your ov/n and try 
reprosontinc-^ the situation v/here your car speed is approachinir 
the posted speed limits of 35 mph. V/hen you have something that 
looks ri^'ht to you, check it against the symbology :rhov.'n on 
page 9. 
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anc. Ar. yo\ir liei-:ht ribovo coa lo.vol approachon the r.Odl 
(linit), tho dixferonce betv/ecn your hei^jht and 
your 0oal (limit) approaches sero. 

Your interpretation should have "been Generally cimilar 
to that chovm above. We could, of course, have used 5000 
(feet) in place of the symbol 1 (for limit ) since vre happen to 
knov the nunerical value of the limit in this instance, in 
which case v;e v;ould v/rite 



If you are saying; to yourself that these examples are 
absurdly simple, you are cuite right, Hov/ever, I ur^e you to 
remember this v/ith gratitude when we get to some that are not 
quite so obvious, 

ITov/ it's time to ar>r>ly the notion of limits to a practi- 
cal problem in order to discover v/hether or not it really helps 
solve (or makes possible the solution of) the problem, V/e are 
going to approach it in a slov;, relaxed v/ay so douH panic. 

The problem v/e 'ill consider actually is the basic one 
that prodded Sir Isaac Nevrton into developing his method of 
"fluxions" which, as mentioned earlier, later became Icnovm as 
Calculus (or, more elegantly, the Calculus), Simply stated, 
what puzzled ITev/ton (among many other things, no doubt) v;as 
hov/ to determine the Instantaneous velocity of a freely falling 
body — discounting the resistance of the air through v;hich 
it was passing, 

Sound simple? 

Turn to page 12 and let's see. 




A ball throvm into the air io an example of a body 
under the influence of gravity, so let us suppose v;e throv; 
a baseball strai.'rht up. V/hat happens to it? 

V^e loiow from experience that (depending; upon hov/ hard 
v/o throw it) the ball will zo up for a certain distance, then 
fall down to the ground , from v/hich it started. Since the 
effect of gravity is to "pull" objects dov/n . it is perfectly 
evident that v/hile the ball is moving upward the effect of 
{Ipravity v/ill be to reduce its speed continuously until it 
finally reaches some maximum height, changes direction, and 
begins its return trip to earth. On the v/ay dov/n gravity 
will cause it to speed up as it approaches the gound. In 
other words, our ov/n experience tells us that the ball \re 
throw upv/ard is going to be chamincr velocitv* all the time 
it is in the air ! Our job will be to determine its speed* 
at any given instant, that is, its instantaneous sneed . To 
do so v/e will use the concept of "approaching a limit" v/hich 
we have been discussing. 

V/here do we start? 

It is not too difficult to determine the ball's hoirrht 
above the ground at any instant (assuming one knov/s the initial 
conditions). Physicists have done it with great accuracy and 
derived an equation that represents the height of the ball 
v/ith tine. 

Suppose, therefore, v;e are given the information that 

2 

the expression h = 128t - 16t is the relation betv/een 

*r:athematicians and physicists nake a distinction between the 
terns "speed" and "velocity," hov/ever for our purposes v/e 
will consider them synonymous. 



h (height) and t (time in seconds) for as long as the ball 
is in the air. Let»s see how this equation will help us 
learn something about the velocity of the ball. 
Here is the equation again: h = 128t - I6t^ 
Since h and t are related variables let us assign a 
series of values to t, as the independent variable, and 
see what values we get for h. As shown in the table below 
we find that as t increases in value from zero to 4 seconds, 
h increases also. However, once v/e get beyond 4 seconds, 
for successive values of t we find that h decreases , until 
finally, at t = 8 seconds, h becomes zero. 



Plotting this we get the curve shov/n below. 




V/hat was the ball»s average velocity during the first 
four seconds? 



Turn to pa^e 14 to check your ansv/cr. 
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ans, = 64 foot per second 

Remenbcr: Avora^o velocity is alv/ayo found by dividing 
the chan::e in position of a body (that is, the distance moved) 
durin::: some period of time, by the elapsed time. And since 
the ball v/e threw up into the air traveled a distance (height) 
of 256 feet in four seconds, its average velocity was 256 
divided by 4, or 64 feet per second (fps). 

Notice, hov/ever, that its actiial speed changed during 
those four seconds. During the first second it traveled 112 
feet, hence its average speed between zero and one second v/as 
112 feet per second. During the next second the ball traveled 
a distance of 30 feet (192 minus 112), hence its average speed 
durin'-^ that second was only 80 feet per second. Similarly, its 
average speed between the second and third seconds was 48 feet 
per second, and betv/een the third and fourth seconds only 16 
feet per second. Obviously it was slowing down in a hurry. 

Hov; this is all very interesting as it relates to how 
a ball. changes velocity under the influence of gravity. Hov;- 
ever, it doesn't ansv;er our original question, namely: How 
do v;e determine the ball's exact s-oeed at any /riven instant , 
as distin^ished from its avera--re speed? 

Let us cxippose, for example, we wish to know the ball's 
instantaneous velocity v/hen t = 2 seconds. How v;ould v;e go 
about finding it? Give it some thought and then check your 
answer against the one given on page 16. 



ans. h s 128t - I6t' 

Very v/ell. Using this equation (h = 128t - I6t^) 
allov/s us to calculate the following values for h for the 
selected values of t: 

at t = 1.99 seconds, h = 191.3584 feet 

at t = 2.00 seconds, h = 192.0000 feet 

at t = 2.01 seconds, h = 192.6834 feet 

Therefore, durin.^ the one-hundredth of a second before 
t = 2, the ball traveled 192.0000 - 191.3584 or 0.6416 feet, 
and this distance divided by one-hundredth of a second rjives 
us an averajje speed of 64.16 feet per second. Similarly, 
during the hundredth of a recond after t = 2, the ball traveled 
192.6834 - 192.0000 or 0.6384 feet, which is ec.uivalent to 
63.84 feet per second. 

Adding the before and after speeds (64.16 + 63,84) and 
dividing: the sum by 2 v/e arrive at a "guesstimate" of 64 feet 
per second as the ball's instantaneous velocity at t = 2. In 
other v;ords, the ball»s speed at the instant t = 2 apr^ears to 
be approaching 64 feet per second as a linit ! 

In order to help you see this a bit more clearly we 
have drav/n a graph of the situation, shown on page 17. 



Turn to page 17. 



from pa::o 14 .l^. 

ans. We can do it by calculating; avora^-e velocities 
over shorter and shorter periods of time, both 
before and after t = 2. 

I hope your ansv/er (if you v/ore able to cone up with 
one) was something; like the one civen above because this is 
a very important point. Let»s consider it for a moment. 

Remember: V/e don»t as yet have any direct v/ay of calcu- 
lating: the instantaneous velocity of the ball at a given point 
in time, such as t = 2 seconds. So far, the only v;ay v/e know 
to fiii^ure its speed is to compute its average speed during 
some period of time very close to t = 2 seconds. The closest 
to t = 2 would bo some very small fraction of a second .just 
before or .junt after t = 2 seconds. 

Now since v;e know that its actual velocity is changing 
constantly (remember that the ball is constantly accelerating 
or decelerating under the force of gravity), its average speed 
just before and just after t = 2 v/ill be different, however 
slight that difference. But if v/e take a time interval suffi- 
ciently small — say, one-hundredth of a second — before and 
after t = 2 to calculate its average speed, it seems reasonable 
to assume that the ball»s instantaneous speed at t = 2 should 
be about midway between these tv/o values. 

To perform these calculations v/e will need our equation 
giving the change in altitude (distance) with time. Do you 
recall what that equation is? See if you can v/rite it down 
in the space provided belov/: 



Turn to page 15. 
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Plotting the two values of h for t = 1,99 and t = 2,01 
and connecting these with a straight line we get the time- 
altitide graph shown above. 

It is again apparent that the velocity of the ball 
.iu3t before t = 2 was slightly i-ren.ter than 64 fps, and 
.just after t = 2 it was slightly less than 64 fps, which 
tends to confirm our suspicions that at t ts 2 its speed 
was very close to 64 fps. 
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Nov/, did we just do nonothin/.; v/o caid couldn't bo done 
v/ithr»ut calovlus? Did v;o, that is, find the instantaneous 
velocity of the ball by algebraic methods? The ansv.'er is 
No to both questions. V/hy? 

First, although we did find its velocity .just before 
and .just aftor the selected instant of time t = 2 seconds, 
v/e did not find it for the exact instant t = 21 True, it 
p.r^rtearFi that its speed at t = 2 is approachin"; 64 fps as a 
limit (that is, not more nor less than 64 fps), but this is 
not proof. It is an assumption on our part. And oven if we 
took smaller and smaller intervals of time both before and 
after t = 2 in which to calcula-lc ziio ball's average velocity, 
it still v/ould be ;Just that — an avera.re velocity* taken over 
a period of time, hov;ever short and not an instantaneous 
velocity . 

And second, if we were v/illing to be con"cent v/ith 
assumptions of this kind, it certainly is a long, hard way 
to find even an approximate ansv/er. 

Both Nev/ton and Leibnitz, plagued by this and similar 
problems, felt there had to be a better way* And thanks 
to their persistence and brilliant thinking they foimd that 
v/ay. 

So limber up your thinking, pay close attention, and 
v/e '11 retrace the line of reasoning they v/ent through (each 
in his o\m \f3.y, actually, and independently of one another) 

*Just a reminder of our definition on page 14 of average 
velocity as the distance traveled between tv/o points 
in time, divided by the time interval. 



10 



in discoverinp; a beautifully simple v/ay to find cuch things 
as instantaneous rate-chan-e Vclues, We will find out hov^ 
they learned to apply, in a T)reci3e vmy . the method of limits 
v/hich we were able only to approximate (and that laboriously) 
in the foregoing example. 



21 



OHAPm 5; AN EASIER WAY TO SOLVE RATE PROBLEMS 

We are going to examine, step by step, the relationship 
hetv/een two variables as one changes v/ith respect to the 
other — and particularly the rate of this change. Por 
this purpose we will graph the situation; this will help 
us visualize it better and also aid in considering it 
algebraically, 

V/e could use as an example the relationship h = 128t - 16t^, 
the change of height with time of the ball thrown in the air, 
discussed in the last chapter. Here we were concerned with 
the two variables h and t, where h was expressed as a function 
of t, the independent variable. We found, as you v;ill recall, 
that because the ball's height did not change uniformly with 
time, its velocity was not constant. Hence the task of finding 
its velocity at any given instant was not an easy one. We will 
return to this problem a little later on. But for our present 
discussion we will use the even simpler relationship between 
two variables, y = x , 

Do you remember from algebra what we call this kind 
of a function? If so, write it in the space provided below. 



Turn to page 22 to check your answer, 
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from page 21 
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ans. K power function, or square function. 
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Yes; It is usually termed a i^power function" 
for the obvious reason that the independent variable (x) 
appears at a higher power than one. If you have studied 
any plane analytical geometry you may also recognize y ■ 
as the equation for the curve known as a paraboJ a. 

Using the values for x shown in the 
table at the right, find the corresponding 
values for y and plot the resulting curve 
on the coordinate system provided below. 
Then check your restate with those shown 
on page 24* 
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ans. T = tancont to curve at point P s= | » slope 
of tangent line !• 

2hus we have found that it is convenient to represent 
the slope of the curve at the point P by means of a line, 
tangent to the curve at that point. 

liow to assist us in our analysis let's add another, 
random point on the curve at sone indeterminate distance 
from P. Ihis point v/e will designate as Q. 

Connecting this point to P by a straight line gives us 
the secant line, S. Observe this in the figure below. 

(Note: In case you have for- 
gotten, a secant may be defined 



as a straight line that cuts a 
curve at two points.) 




How should v/e designate the coordinates of the point P 
bearing in mind that P is point on the curve? 



'jJum to page 25. 
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ans. 
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Uote from your curve that, just as the velocity of the 
ball thrown into the air v/as constantly changing, so the direction 
of the curve is constantly chan/iinc, reflecting the X'atc at 
v/hich one variable is chan^in^ v/ith respect to the other. So 
if v;e can find sone v/ay to determine the instantaneous rate of 
chance of direction at any point on the curve, v/e should be able 
to use the same general approach to find the instantaneous rate 
of change in the velocity of the ball. V/hy? Because althou^'^h 
the variables are different in each case and the physical situ a- 
tions they symbolize are different. laathematically the two equa- 
tions involved are essent ia lly similar in nature ! 

But hov; do v/e find the direction of the cu2?ve? 

V/ell, the direction of d curve at any point is, as you 
may recall, simply the slo^e of the curve at that point. There- 
fore, v;hat v;e really are seeking is the slope, or angle of 
inclination, between the (positive direction of) the x-axis and 
a line tangent to the curve at the given point. 

In the sketch below, identify the line T and give the 
ratio that represents the slope of T. 




P= ?o{Hr OH cu^ve 

T =^ ? 

? - SLOPiz OF T 



ERIC 



Turn to page 23 to check your answers. 
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ans. It probably v/ould bo best to dosicnate the 
coordinates of P as (x,y) in order to 
illustrate the general nature of this point. 

V/e also need to indicate the position of the point Q 
v/ith relation to P. And since Q is a bit further from the 
X-axis and y-axis than P, we designate the horizontal distance 
from Q from P as Ax ( delta x . that is, a little bit of x), and 
the vertical distance as ^y ( delta y . that is, a little bit 
of y). 

V/ith this information added our graph now looks like 

this: 



Try v/riting the ectuation for the sloT)e of the secant 
line S, keeping in mind that it v;ill simply be the ratio of 
the vertical distance to the horizontal distance between the 
points P and Q. 



Turn to page 26, 




Coordinates of P are: (x,y) 
Coordinates of Q are: 



(x + (y + l^y) 



ans. Slope of S = 
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It may appear as though we had only succeeded in 
accimulatins an odd assortment of letters, Hov/ever, don^t 
be alarmed, 2hey are all necessary and will be of great 
help shortly. You will note also that we have shaded in 
the triangle of which the secant line S is the hypotenuse. 
This was done to help focus your attention on it. 

Now, remembering that the equation for our curve is 

2 

y = X , substitute the coordinates of the point Q for x and 
y in this equation and see what kind of an expression you 
get. 



'i'urn to page 28 to check your ansv/er. 
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ana,(x+Ax)^ = + 2x«Ax + 23c^ (tL^ little bar, or 
vinculiu'i . over the Ax means that the exponent 
applies to the entire expression, not just to 
the x). 

What we are seeking by this algebraic procedure ir> a 
relationship betv/een ^x and Specifically, what we would 

xike to find is the ratio of ^y to dx. (that is, the slope 
of the secant line S) based on v/hat \ie know about the equation 
for the curve. Once we find this, you will see how we plan 
to use it. 

So, from the previous page we now have this information: 

y=x2 (1) 
and y + Ay = x^ + 2x- Ax + "Sx^. (2) 

But since from (1) we know the value of y in terms of 
X, we can substitute x for y in equation (2) and get: 



Turn to page 29. 



ans. You should ^et (y + ^y) 

Once more. 
The equation for the curve is y = x^. 
The coordinates of the point are: 

X coordinate = x + Ax, 

y coordinate = y + Ay. 
Sul>stitutin{^ these coordinates in the equation of the 
curve gives us 

(y + Ay) - (x + Ax)2 

Your next step v/ill be to expand the binominal (x + Ax 
Do 30, and v/rite your answer in the space belov/, 

(x + Ax)^ = x^ + 
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= (x + Ax)2 



Tu2m to page 27 to check your answer. 
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2 2 —2 

ans. X + Ay = X + 2x» Ax + Ax 

2 

or, subtracting x^ frora both sides, 
Ay = 2X-A3C + Ax^ 



Thus we now have: 

Ay = 2x» Ax + Ax^ 

And dividing each term on both sides of the equation by 
Ax gives us 




= 2x + Ax 



This looks a bit simpler, doesn't it? 
But what docs it represent? 

See if you can complete the following sentence: 
The quantity 2x + Ax represents 



Turn to page 50 to verify your answer. 
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ans. the slope of the secant line s, 

BEST COPY AVAIUIBUE 

I hope you got it right I 
Here it is again: 

= 2x + Ax = slope of the secant line S, 
Let's look at it once more in the graph below. 




Think about the secant line S again for a moment. What 
it really represents, in effect, is the average slope of the 
curve between the two points P and Q, in much the same way 
as the velocity value we found for the ball between any two 
instants of time represented the averacre velocity of the ball. 
But just as we were seeking" the instantaneous velocity there, 
here we are seeking the exact slope of the curve at a specific 
point — not the averarce slope. 



Continue on page 51 . 




Very well then. Since what we really want is the slope 
Of the curve y = x at the precise point P, let us imagine 
the point Q to move slowly along the curve towards P. What 
we now get is a series of secants (5?hown above as , Sg, 
^3' ^4' ©"fcc* ) • 



At the same time — since they are associated with 
( define , actually) the position of the point Q — the dis- 
tances Ay and ax grow shorter and shorter and our shaded 
triangle diminishes in 3ize. 

Obviously Q is approaching a limit (sound familiar?), 
namely, the point P, 

vniat limit is the secant S approaching? 



urn to page 52 to check your answer. 
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ans, The tariiienl; line T. 
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Of course; the secant S is approaching! the tangent line 
T as a limit. 3y the tine the point Q reaches point P, the 
secant S (one end of which moves with Q) will coincide with 
the tan^'ent, T. Not only coincide with it; it will heoome the 
tangent of the curve at the point P. 

It is important that you see these two things very 
clearly: 

1 . Q is approaching the point P as a limit ! 

2, The horizontal distance, Ax, between Q and P, is 
approaching zero as a limit. 

How do you think the expression for the slope of the 
secant, = 2x + Ax, will 'change as Ax approaches zero 
as a liirdt? 



Turn to page 34. 
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So summarize, then: 

1. As Q approaches P as a limit, and 

2. Ax approaches zero as a limit, then 

3. The secant tends to iDecome tanp:ent to, and therefore 
the slope of, the curve at the point P! 

Using the arrov/ (symbol for "approaches") which we 
used earlier, and the ahbreviation "lim" for limit , we can 
express symbolically what is happening like this: 

AX 

Try putting this symbolical expression into words 
just to make sure you understand its meaning. 



Turn to page 55 to check your answer. 
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r^ns.. T})0 torm Ax will drop out oi' tho ri/;ht-hand mciabor 
q£ tlio etiuation, loaviinj; Just the torm 2x. 




True. But if Ax, approaching zero, becomes so infinitely 

sraall that is in effect drops out of the right-hand nember of the 
lim 

equation ^_^Q Ax = 2x + Ax, leaving just 2x, it seems reasonable 
to ask, V/hy doesn't it also drop out of the expression on 
the left-hand side? 

The answer is: Because although Ax is approaching zero 
as a limit, so is Ay. Hence (to oversimplify a matter that 
involves the theorems of infinitesimals), the ratio ^®^2iins 
intact. 

Remember: , interpreted graphically, is approaching 
fae tangent to the curve at the point P. This is a specific 
number of value! So while Ax is approaching zero, is 
approaching a real value, namely, the slope of the curve at ths 
point ?• Therefore the diminishing value of Ax has a different 
effect on thv^ two sides of the equation. 



Turn to page 55. 
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ans. The limit of aa Ax approachec zero 
equals 2x, 

Let»s repeat the entire limit formula so we* 11 have it 
in front of us: 

lim A.v _ 9 
Ax->0 Ax - 

or, put into words, as Ax approaches zero as a limit, the 
limit of the ratio in the expression = 2x + Ax 
"becomes 2x, 

Now, what have v/e really discovered from all this in- 
vestigating that we didn*t laiow when we started out — and 
that is useful? It is important that you know before going 
on, so see if you can select the best answer below, 

1# The secant becomes the tangent as ax approaches 
zero as a limit, 

2. As the interval Ax of the independent variable 
approaches the limit zero, the ratio becomes 
the instantaneous rate of change (or grovrbh rate) 
of the function y = x^ at the point P, 

3, In the expression-—^ = 2x + Ax, the term Ax drops 
out as Ax approaches zero as a limit. 



Turn to page 36 to check your ansv/er. 
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ans. No. 2, 

Answers 1 and 3 both are correct statements, but 
neither is the best answer nor the most significant thing 
that occurs. 

The really important piece of information is that we 

have found an expression for the instantaneous rate of chani°ce 

of the curve — that is, of the function which the curve 

represents — at a specific point, or instant! 

To understand the real si,?nificance of this, realize 
2 

that if y = X ha-nxDened to represent the relationship 
betv/een the heir^ht and time increments of the ball 
throv/n into the air, then 2x would represent the 
instantaneous velocity (time rate of chan°:e) of the 
ball at any given moment ! Exactly what we were trying 
to find! 

In other words, v/e have essentially done what we set out 
to do, namely, discovered a means of calculating instantaneous 
rate of change, or growth rate, of a fimction at a given instant. 

Just to prove we've done it, we're going to go back 
to our eiiuation for the thrown ball in a moment and use it 
to obtain the instantaneous velocity of the ball. But first 
.l3t»s have a short reviev/. 



y^-^a 
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The above picture should look quite familiar to you 
by now. Here then are the steps we went through in finding 
the derivative (derived function, or instantaneous rate of 
change) of y with respect to x, 
G-iven function (curve) 
Coordinates cf curve at Q 



Substitutin/5; these values in 
the given function we get 

And expanding the right member 

Substituting x for y (from our 
original equation) v/e get 

2 

Subtracting x from both sides 

And dividing both sides by ^x 

Finally, taking the limit of the 
function as Ax->0 (that is, 
as the point Q approaches 
point P on our graph) we get 



y = x" 

(x +Ax) and (y +Ay) 



(x +iix)' 
2 



y + Ay 
.2 



+ Ay = + 2x«Ax +Ax^ 
Ay = 2x'tx + Ax^ 



Ax 



lim Ay 
Ax— >OAx 



= 2x +AX 



= 2x = the deriva- 



tive of y with respect to x 
for the function y = x^, or 
the instantaneous rate of 
change of y with respect 
to X, 

Nov/ turn to the next page where we will discuss a final 
important concept about the limiting value of the function as 
AX — > 0, 
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The important concept we referred to on the preceding page 
is this: 

There is a special name for the limiting value of the 
ratio ^ as Ax approaches the limit zero. That name is 
"derivative" (did you notice where we used it on page 57 
without explanation?). It is v/ritten as |^ and read 
as "dee-wy, dee-eks." 

In other v/ords (or symbols), a derivative = 4*^ = 
Ax->0 AX* 3x then, the limit ir.r; value of the ratio ^ . 

Another v/ay of say in?: this is to say that ^ is the 
customary expression for the derivative of y with 
respect to x . 

You have now heen initiated into some of the mystical 
language of calculus and can use the term "derivative" to 
astound yoir friends. 

Seriously, and more importantly, you have been exposed 
to what is probably the most fundamental concept in differ- 
ential calculus: The concept of the derivative of a function. 

In the next chapter we are going to look at some of the 
ways in which this concept is applied to functions of 
various kinds. 
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OHAPTER 4 1 SOm HANDY SPIQRTCUTS 

Tc-^ether we have worked our way throu/?h the "delta 
process" of finding the derivative of a function — not any 
function, but the specific function y = x^. 

V/e found, for example, that by this method of successive 
approximation — algebraically derived — we arrived at an 
expression for the instantaneous rate of change of one variable 
(y) with respect to another variable (x). 

Thus the limit of the rate of change of y with respect 
to X in the expression y = x was shown to be 

lim - §:! - 
Ax— >.0 Ax " dx - 

If we were to write this in the form of an instruction 
rather than a result would you know what to do with it? 
Let's find out. 

Complete the following: 



Turn -to page 40 to check your ansv/er. 
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ans. 2x 

I hope you figured it out for yourself. Here it is: 

g(y = y?) = 2x. 
V/e read this as: The derivative of y with respect to x 
in the expression y = x^ is 2x. Other symbols used to denote 
the derivative of y with respect to x are: y», f»(x), ^y, 

^"(^) means, of course, the function ( any 
function) of x. 

Por example, in the expression y = x^, y is the function 
of X. Hence v/e could wite this as f(x) = x^. However, we 
usually use y to represent the dependent variable since it is 
helpful to graph many of these functions and using y with x pro- 
vides the two coordinates necessary for plotting in our familiar 
Cartesisui coordinate system. 

Now let»s consider the matter of finding the derivative 
of an expression strictly by algebraic means. 

Look again at our original function, y = x^, and its 
derivative, y» = 2x (using one of the new and convenient 
notations for the derivative). How could v/e have manipulated 
the terra x , mathematically, in order to turn it into 2x? 
That is, what would we have had to do to it? 



Turn to page 42 to check your ansv/er. 



ans. y* = 5x 

I)id you Qet it right? 

Let's do it toisether to make sure. 

Following our empirical 2?ule we multiply the coefficient 
of by the exponent 3, at the same time subtracting 1 from 
the exponent. This gives us 

y' = 3*1 x^"^ , or y* = 3x^. 

Expressed in a more general form our rule then would be 

Now suppose that x-^ had had a greater coefficient than 1, 
a coefficient such as 2, for example, 

;Vhat would be the derivative of y = 2x^? 

^(2x5) = y. = 



2urn to page 4-3 to checl-c your answer. 
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ans, Multiplied the independent variable, x, 
by its exponent, 2, and decreased the 
exponent by one. 

Yes, it's as simple as that: To "derive" the. deriva- 
tive of the function y = x^, we have merely to multiply 
the X (actually, its coefficient, 1) by the exponent, 2, 
and subtract 1 from the exponent, 

2hus, 

y«(x^) = 2-1 x^""'', or = 2x 
let»s try this procedure with a slightly different 
function such as y = x^, 

V/hat is the derivative of y in this case? 

r = 



Check your answer on page 41 , 



p momtmm 

ana. y» = 3*2x-'"' « 6x 

We have discussed what happens to the independent vari- 
ahle, X, when we find the derivative. But suppost there were 
a constant in the expression. V/hat v/ould ahppen to it? 

Por example, consider the function y = 2 + x^. 

We now loiow that the derivative of x^ is 5x^. But what 
about the derivative of a constant, such as the 2 in this 
example? 

Ihe ansv/er is that the derivative of a constant is zero , 
hence the 2 v/ould just drop out. Without delving; into the 
mathematical proof, the reason for this is that since a der - 
ivative represents a rate of chancre , and since a constant 
doesn't change, it simply drops out as a meaningless compo- 
nent of the derivative. 

We express this symbolically as follows: 

D-2 



Pind the derivative of y = 2x^ + 7. 



I 



Turn to page 44 to check your answer. 



BBT COPT fRIUBU 

ans. y» = 4.2x^"'' + 0, or y» = 8x^ 

V/liat do you think would be the derivative of a func- 

2 

tion such as y = x + 2x + 1? 

Here v/e have an expression in v;hich x appears in the 
first pov/er as v/ell as in a higher pov/er. The procedure 
is, however, the same one v;e have been using to find the 
derivative of powers of x. 

Here (from page 41) is the rule again: 

With this rule in mind — plus the rule regarding 
the derivative of a constant — find the derivative of 

2 

the expression y = x + 2x + 1 , 

y = 



Turn to page 46 to check your ansv/er. 
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In workin^^ the problems on pages 40, 41 and 42 we have 
been doin,'; something of which you may not "be aware. Although 
it follows logically from our prior discussion about finding 
the derivative of some power of x, it is time we examined 
it separately and recognized it as a rule in differentiating. 

The rule is this: V/hen there is a constant as a 

multiplier, the constant remains a multiplier in 

the derivative . 

Thus, if y = 4x^ , then = 4.':5x^ = I2x^ = the derivative. 
Expressed symbolically this rule would appear as follows: 

Do you realize you are solving problems in differential 
calculus? Perhaps not big ones, but finding the derivatives 
of functions of an;^ kind is the heart of differential cal- 
culus . 

Try this one just to prove to yourself you can do it: 
V/hat is the derivative of y = 3x^ + 2x^ + 4x - 7? 



Turn to pa^e 47 to check your ansv/er. 



ans. y' - 2x' 



2-1 



+ 1.2x 



1-1 



-I- 0 
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2x + 2 

2his last pro"bleni also brought out another interesting 
point v/iiich I hope you inferred from your loiowledge of 
algebra, This is the fact that the derivative of a variable 
with respect to itself is unity (one). 

Thus, if y = X, then y» = 1 . vrny? 

Pollov/ing our rule for finding the derivative of a 

pov/er of X (in this case the first pov/er), y*(x) = 1 .x , 

1 -1 

But accordin;-: to the rules govornin,": exponents, x is the 

oaiac thin,^; aa ^ , and since any quantity divided by itself 

''" 1 -1 

is unity, then it follov/s that x =1. 

Another, graphical, v/ay of looking at this situation is 

that if y = X, then dy = dx, and the growth rates are equal. 



So add this useful piece of infoirmation to your increas- 
ing repertoire of Icnov/ledge about derivatives, formally 
stated, therefore, our formula is 




D-5 



^(x), org, =1, 



Continue on page 45. 
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ans. y' « a-ax^'V 1*4x''"'' - 0 

2 

a 9x + 4x + 4 

Mow, what liavo we in fact discovered through the use of 
our enpirically derived rules? This: Me have found a simple , 
shortcut way to detenninin--; the derivative or instantaneous 
rate of change of a function ! 

To make sure you have these rules firmly in mind let's 
review them again briefly hefore going on. 

Rule Meanin.:? 

The derivative of x to the nth po\/er is 
equal to n times x to the n-minus-1 pov/er. 

The derivative of a constant is zero. 

The derivative of x (or of any variable) 
v/ith respect to itself is one (1), 



The constant remains a multiplier in the 
derivative • 

To give yourself a little more confidence, try working 
the follov/ing problems, using the rules above. 

Differentiate (that is, find the derivatives of) the 
follov/ing functions with respect to x; 



1. 


y = 


x^ 


5. 


y =• 


2x . 


• 4 + 2x^ 


2. 


y = 


5x5 


6. 


y = 


1 + 


3x + x^ 


5. 


y = 


X^ + X 


7. 


y = 


4x^ 


- 4 


4. 


y = 


7 + 7x^ 


8. 


y = 


1 





Turn to page 48 to check your answers. 



^1 ■^(^") = 



nx 



n-1 



^-2 -^(0 = 0 
-^(x) = 1 



d /_„N dv 



D-4 ^(cv) = 



BEST COnr AVAIUBLE 

ana, 1. bx*^ 2. 9x'^ 2x + 1 4. Ux 

5. 2 + lOx'^ 6. :j + Sx^ 7. 8x 8. 0 

Did you ^et them all rioht? Actually, although we didn't 
treat it as such, successive differentiation of the terms of 
a polj-nomial (such as problems 3 through 7 on page 47) is 
{generally considered to "be goveimed "by a separate rule. This 
rule simply says (in a common sense sort of way) that to 
differentiate a function that is made up of several terms 
connected by plus or minus signs, just differentiate one 
term after another in succession, 

V/ritton out symbolically the rule loolcj like this: 

D-5 

u, V, and w representing the various terms, 

Hov/ let's see if you can malce up a rule, 

Suppose v/e had a case in which the function v/as d ivided 
by a constant. How would you handle this? 

See if you can differentiate the function shov/n below 
and then devise a rule to cover such a situation, 

v 

y' = 

Rule: 




Check your ansv/er on page 50, 



BEST cow AVAIUBIE 

ans. 1. •^•^ 2. lOx-^ 5. 7x^ 4. ^ 5. 

There are many tricks to finding the derivatives oX 
various kinds of functions and v/e are going to examine only 
a fev; of them. Just enough to get you started in the right 
direction and to give you some notion of v;hat it is all about. 
The more difficult tricks — and hov; to apply them to practical 
problems — you will learn in your regular calculus course. 

However, before getting b.'-;ck to The Mystery of the 
Throv/n Ball, there is at least one more trick v/e should con- 
sider. This is the matter of how to differentiate a function 
having" a fractional oxponent . 

Let us suppose, for example, we need to find the der- 
ivative of the function y - //xl 

Bo you recognize that x in this case has a fractional 
exponent? Remember: the square root of x can also be written 
as x" , right? Therefore we can write the function as 

y = x**. 

That being the case, then y» = ? 
(Pollow your regular rule for finding the derivative 
of some power of x. ) 



Turn to page 51 to check your answer. 



BEST eopr fflmuHE 

ans. Since ^ is the same as {.x , the i- is simply the 

constant coefficient of x^; hence y» = 2(i-)x^"'' or 
y» - X, Rule: So find the derivative of a function • 
divided by a constant, treat the constant as a 
fractional multiplier. 

Here is hov/ we mi^ht v/rite, symlDolically, the rule 
derived on the preceding pa^e: 

D-6 




Another example of this rule would be as follows: 

3 2 
If y = ^, then y» = ^^-3x2 ^ , 

3 

Or if y = ^ , then y» = |.3x^ = 2x^. 

0?ho point ic this: n?reat the fraction an you v/ould any 
other constant coefficient of the variable . 
Perhaps working r fev/ problems of this type will clarify 
things further and ^ive you more confidence. Here they are. 
Pind the derivatives of the follov/ing functions: 



4 

2. y = ^ 



r y = 

x; 
5" 



3. y = ^ y» = 



4. y = <^ y» = 

3x^ 

5. y = ^ yl = 



Turn to page 49 to check your answers. 



J.';:, ju pa. ;o IjO — _ , 

2x" 2 

Did yoM rerneuber your basic rule? Here it is again, 
a bit more sinply stated: To differentiate a power (v/hether 
it is a fractiona l pov;or or a v;hole number) multiply by the 
Pov;er and reduce the exponent by one . 

You v/ill see that we did exactly this in arriving at 
the answer shown on the previous page. And in case you may 
have forgotten what you learned in algebra about exponents, 
a negative exponent becomes positive v;hen the term is moved 
from the numerator to the denominator of a fraction. This is 
because multiplying both numerator and denominator by the 
equivalent positive power has the effect of moving the 
variable v/ith the negative exponent to the opposite side of 
the fraction bar and mailing it positive. 

Try it for yourself, but be sure you have sho\vn each 
step of the work before comparing your answer with that shov/n 
on page 52. 

Convert x"* to a positive exponent. 



Turn to page 52 to check your answer. 



froa ?ao-e 51 BEST OOPT fflHUK -52- 

ails. i-r- . = = ,A (Any munber to the zero 

x*^* power is 1 , hence 

x° = 1.) 

Although there are a nvirnber of other derivative formulas 
(uost of which you will encounter in your regular calculus 
course), v/e are only QoiriQ to concern ourselves with tv/o more 
of these — the derivative of a product and the derivative of 
the (Quotient of tv;o functions.. 

On pa^-e 48 v/e used the additional variables u, v and w 
to represent other functions of x. We are going to use two 
of these variables here, na::ely u and v, to simplify our ex- 
planation of hov; to differentiate a product. Because v/e have 
been usinc fairly simple expressions — such as x^, 5y^, x^, 
etc. — you may not see the need of introducing tv/o more variables. 
But as you advance to v/orlcin;-; v/ith more complex expressions you 
v/ill come to appreciate the clarity that this little triclc can 
bring to a problem. 

Per example, we said above we v/ere going to talk about 
how to find the derivative of the product of two functions 
of X. IIow suppose this product was (x^ + 5x + 4)(x^ + x - 1 ), 
V/e v/ould then have to v/rite 

-^(x^ + 5x 4)(x^ + X - 1). 
Hov/ever, if v/e let u = x^ + 5x + 4 and v = x^ + x - 1 , 
then we can simplify the v/hole thing and express the formula 
for the de rivative of the t duct of tv/o functions as 
3-7 



^ .(uv) = uSi -I- 



ax 



>ee if you can put this forr.mla into v/ords. 
Turn to page 54 to check your v/ording. 



ERIC 




ans. (x^ + 1) (1) (x - 4) (2x) « - 8x + 1 

Having examined "briefly the formula for tlie derivative 
of the product of two functions and the way in which this formula 
is used, let us take an equally brief loolc at the formula for 
the derivative of the quotient of tv/o functions. 

This formula is as follov/s: 

D-8 

Put into words we v/ould say: The derivativo of the quo- 
tiont of tv/o functions ig equal to the denominator tii.iea the 
(1 privative of the nu m erat or, min us the numerator ti ivi es the 
derivative of the denominator, all divided by the denominator 
squared . 

As usual, the procedure can be expressed more clearly in 
symbols than in words, (Kemembor: If you find yourself v/onder- 
in^ v/hy the product and quotient derivative formulas are the v/ay 
they are, it v;ould be z^o^ practice tryinr; to derive them your- 
self using the delta method. Check your procedure with that 
;5iven in any /jood calculus text in case you get lost along the 
v/ay, ) 

llov/ let's see hov/ the quotient formula v/orks by differ- 
entiatinr: the expression y ~ . ; , 

X v I 

2 

Setting; u = 2x +5 and v = x - 1 , we qqI 

^ (x - l)(Ax) T (2x^ -h '5)(^) 4x^ - 4x_- 3 

Vfnat v/ould be the derivative of y = ^ j ? 



2urn to pa:;e 55 to check your ansv/er. 



BEST con AVMUBUE ~ 

aiiQ. 'x^ho dorivative of the product tv/o functions is 

equal to the first tines the derivative of the second, 
plus the second tines the derivative of the first. 

Very v/ell, let«s try usins this formula, 2o do so we 

will find the derivative of the product of the two functions 

2 ^ 
X -r 5x -h 4 and x*^ + x - 1 . 

First, however, let us restate our formula so that it 

will be readily available to refer to: 

d / N dv . „ du 
-33f(uv) =: u^ + v^ 

Let us also remind ourselves that, in this example, 

2 

u = X + 3x + 4 



and 


V = 


3 

X^ + X 


Since 


du 

dx ~ 


2x + 3 


£aid 


dv 


3x^+1, 



then -4r(uv) = (x^+3x+4) (3x^+1 ) + (x^+x-1 )(2x+3) 

?r „ du 

^ Hx ^ 

Since multiplying those expressions and combining like 
terms v/here possible to simplify is purely an algebraic exercise 
and v/ould add nothing to your understanding of the procedure, 
v/e will not take the problem any further — although you are 
v/elcome to do so if you feel you need the practice. (Answer: 
Sx'^'' - 12x^ + 15x^ -I- 4x + 1.) At the moment we are only interested 
in demonstrating the •procedure , or use of the formula, for 
finding the derivative of the product of tv/o functions. 

Hov/ever, here is a somev/hat simpler problem for you to 
complete by yourself. 



d 



.'(X^ I)(x - 4) = 



ERIC 



Check your answer by turning to page 53. 



i rou ,.a . BEST COPr WWUWI 



On pa^e 47 v/e sumarised the rules for differentiation 
v/hich v/e had covered to that point, Nov/ let us simnarize the 
additional rules we have v/orked v/ith since then. 

Rule Meaning 



D-5 •~--(u+v+w+, , , )= To differentiate the sum of several terms 

connected by plus or minus signs, differentiate 
du . dv dw . each term in succession, 

D-6 -4r(^) = TT'lj V/hen differentiating a function divided by 
ax c c Qx ^ constant, treat the constant as a frac- 
tional multiplier, 

D-7 r^(uv) = The derivative of the product of tv/o functions 

^ is equal to the first times the derivative of 

11^"^ J. "^^^ second, plus the second times the deriva- 

^dx"^ ^dx tive of the first. 



D-8 -^(^) = The derivative of the quotient of tv/o func- 

tions is equal to the denominator times the 
, , derivative of the nxmerator, minus the num- 

v(S^) - ^(§5) erator times the derivative of the denomin- 

— =^ 5 — =^ ator, all divided by the square of the denom- 

V inator. 



Turn the page nov; and v/e » 11 look a little further into 
the neanins and application of differentiation. 



ERIC 



Now that you have had a little experience in differ- 
entiatin^;-!; functions to find their instantaneous rates of 
change (and that is v/hat we have teen doing, . in case you 
have forgotten), let us see hov/ the procedure works in the 
case of the tall, rising and falling under the influence of 
gravity. 

Our equation for the height of the tall was, if you will 

2 

recall, h = 128t - I6t . Prom v/hat we have learned, 
therefore, we can now differentiate this expression to find 
the tine rate of change ^height. Thus, 

|~ or h» = 1.128t''''' - 2*l6t^"'' 
or h» = 128 - 52t. 



„, ^ . (distance) 
Tnat IS, the rate of change of height/with time is equal 

to 128 - 52t. Hence for t = 2 seconds (the instant we origin- 
ally selected for analysis), h», or v (for velocity), = 
128 - 64, or 64 feet per second, precisely the instantaneous 
velocity value for t := 2 v^hich we found ty approximation on 
page 20. 

V/hat would te the value of h» for t = 4? 



h» = 



Turn to pa^^G 58 to checl: your ansv/er. 



I • • • 



-','7- 



Ma-thematical symbols are distressing only if you don't 
■understand them. The ones we will use in our general approach 
to finding a derivative are all ones with which you are ac- 
quainted: 

Ax = a little bit of x 
Ay = a little bit of y 
f (x) = any function of x 

So this time instead of using the specific function 

2 2 
y = X , let us substitute for x the more general expression 

f(x). This gives us 

y = f(x). 

How considering, as we did on page 24, a point Q on the 
curve f(x), a short distance away (<6x horizontally and Ay 
vertically) from the point P, its coordinates will be y +Ay 
and X + Ax. 

Substituting these coordinates of the point Q for y and 
X in our equation y = f(x) therefore gives us: 



Turn to t^ci^q 59 to check your answer. 



ERIC 



ana. 128 - 52.4 = 120 - 128 = 0 



Does that ansv/er surprise you? 

It v;on't if you v;ill turn back to pa^je 15 and observe 
from the rrraph that the ball v;as ri?.in;'- (its speed decreasin/^ ) 
betv/een t = 0 and t = 4. After t = 4 the ball v;as falling- 
(its speed i ncreaffln^ ). At t = 4, therefore, the instantan- 
eous velocity v.'as aero; the ball \7as nionentarily at rest, 
neither rising; nor fallin,:;. 

In pa^^ec 28 to 55 v;c illustrated, both algebraically 
and ^.T'lphlcally, v/hat if? .cionerally referred to as the delta (A) 
approach to finding a derivative. Por this purpose v;o used 
the specific function y = , 

!Iov;, in order to keep at least a minimum of faith v/ith 
the professional mathemticians — and v/ithout, I think, 
alarming you unduly — v;e will do the same thin^ usin^j a 
^•onoral case. 

5?um to pa^e 57, please, and v;e»ll have a go at it. 



ERIC 



BEST 




Knov/inr;, then, that the value of the function y = f (x) 

at the point Q is y ^- ^y = f(:.: -i- Ax), and recalling fron 

the csneral statement of the function that y = f(x), v/e^-can 

substitute this last value for y in the equation 

y -5- ^y = f(x + Ax) 
givinr us f(x) -i- = f(x + ax) 

from ^;;hich Ay = f(x + Ax) - f(x) ( subtract- 



in !j f (x) from 
both sides). 



Sividin^ both sides 
by Ax v/e {jet 




vn-iat does this last, boxed-in, expression represent? 
See if you can put it into v.'ords in the space provided belov/. 



Ilwvn to pa^ie 60 to checl: your ansv/cr. 



anc, 'j?]io :.:cncral c::pror:r.lon i'or the dope of the soccni: 
lino S, or tho avora:;;o rate of change (c;rov/th rate) 
of the function v/ith respect to x. 




for the secant S with that for the function y = found on 

pa.^e 29 • expression ^ = 2x + Ax on page 51 represented 

the averat;e rate of chan/^e in the specific function y = x^ 

over the interval Ax, On the other hand ^ = ^"^^ +Ax) - f(x) 

4x ^x 

represents the average change of an;^ function (represented by 
y = f(x)) over the interval ^x. 

To find the .p:eneral expression for the derivative, then, 
v/e again iina::^ine Q to approach nearer and nearer the point P. 
That is, v;e allow ax to a pproach ?:ero as a limit. This gives us 

lim = f(x -H^x) ~f(x)~A^n 

•i— II , „ [ 

This, then, the general expression for the derivative 
of a function, or the instantaneous rate of chanre of y v/ith 
respect to x (or v/hatever "name" we give to the variables — 
h and t, x and y, u and v, etc.). 



CtlAP'TKR 5; BIFFEIUMIAL C ".OULUS PUT TO V/ORK 

No doubt you are beginning to wonder if all this is 
leadinj<^ to something useful. 

As pointed out earlier there are many, many practical 
applications for differential calculus, a great number of which 
you will be exposed to in your regular calculus course. Since 
this book v/as designed simply to initiate you into some of the 
fundamental concepts at a slov/er pace than usually is possible 
in a standard academic course, wo will not attempt to explore 
any more types of standard derivatives. Nor will v;e get in- 
volved, to any real extent, with applications. However, it 
would not be fair to leave you without having had the fun of 
applying some of the fundamental things you have learned. 

Therefore we will look at some examples together. First, 
hov/ever, a word of caution. 

V/e have used the variables x and y most frequently be- 
cause that are considered g^eneral variables (that is, they 
represent any variables) and because they also represent the 
familiar coordinates of the Cartesian coordinate system. But 
don't net the idea that they are the only tv;o variables used 
in calculus I V/e have already had an example of tv;o other, 
specific, variables in the problem of the thrown ball. 

V/hat v/ere these tv;o variables? 



Turn to pa^e 62 to check your ansv/er. 



anc. t (tirie) and h (height) 



BEST COPT AVAIUM 




Suppose we wished to know the rate of variation of the 
volume of a cylinder with respect to its radius v/hen the ra- 
dius is 5 inches and the height of the cylinder is 20 inches. 
In other v/ords, how much will the volume (in cubic inches, of 
course) chan.^e for a change of one inch in the radius of the 
cylinder under the particular conditions where r = 5 inches 
and h = 20 inches? 

This situation is shown in the sketch 

at the ri/;hc. 

Wo iiiuot ntart with tho formula for the 

p 

volume of a cylinder, namely, V sTj'r h. 

And since our problem is to find the rate of change of V with 
respect to r, v/e take the derivative of V with respect to r, 

namely, « 

V = ir r'^h 

V»= 2irrh (h, of course, is a constant 
in this problem) 

Substituting the given values r = 5 and h = 20 v/e get 

V» = 2 •It '5 '20 = 628 cubic inches/inch change of,. 

^ radius, 

V/hat this means is that at the particular point where 
r - 5 inches the volume of the cylinder is changing at the 
rate of 628 cubic inches for a change of one inch in the radius. 

Although you may feel that this is not the kind of prob- 
lem you are apt to encounter in your kitchen or workshop, it 
is a simple example of a very common type of problem found in 
engineerirg. How might it be of use, for example, in designing 
containers? 



ERIC 



'2uvn to pa^-e 64 to check your ansv/er. 



BEST COPT m\um 



ana. D« =: 2t -i- 6t = 20 -i- 600 = 620 jTeot/soeond 

Wxanmle 

Acceleration is defined as the rate of change of velocity 
with respect to time. If the velocity (in feet per second) of 
a certain airplane in a dive is v = 300 + 4t^, where t is the 
number of seconds since the dive "began, what is the formula 
for the acceleration and what is the acceleration value for 
t = 10? 

Since acceleration in the rate of change of velocity 
with time, if we take the derivative of the velocity formula 
,^iven above it should yield the formula for acceleration. 
Rir;ht? Let«s try it. 

V = 500 + 4t^ 

Taking the derivative 
of V v/ith respect to t, v« = 8t = formula for acceleration. 

But since v« represents acceleration, we can write it as 

a = 8t. 

Therefore, for t = 10, a » 80 feet/second^. 

Question ; \fnat would be the acceleration formula if 
the velocity was v = 50t + t^, and what would be the 
acceleration value when t = 4 seconds? 



Sum to pa^e 55 to chock your ansv/er. 



ERIC 



ans, ?or a certain hei::ht of can (circular) container 

one could estimate added volujne for increased radius. 

Your answe:: may differ somewhat from that given, but the 
important thing is to understand what the derivative of a func- 
tion such as this means and hov it can "be used in a practical 
way. 

Example 2 

An ob;ject moving in a straight line is t + t*^ feet from 
its starting point after t seconds. V/hat is its velocity after 
10 seconds? 

If the object is t + t^ feet from its starting point 
after 10 seconds, then t + t*^ must represent the distance it 
has travelled. V/e can write this as 

D = t + t^ 

and we have our function, or relationship, between distance 
and time. And since velocity is simply the rate of change of 
distance with time, if v;e take the derivative of D v/ith respect 
to t we should have an expression for velocity. Thus, 

D = t + t^ 
and D» = 1 + 3t^. 

Substituting the value 10 (seconds) for t gives us 

D» = 301 feet/second, the instantaneous 
velocity of the object at t = 10. 
Question ; V/hat would the velocity be after 10 seconds 
if the object were moving at the rate D = 1 + t + 2t'^? 



Turn to par^e 63 to check your ansv/er. 
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ans. a = 50 •:• 3t^; for t = 4, a = 50 + 48 = 98 feet/sec^ 
A certain firm makes a profit of ^^P each month when it 

2 3 

produces x tons of a certain commodity, where P = 1500 + 15x - x*^. 
\fnat is the most advantageous monthly output for the company? 

Obviously the most advantageous output will "be the one 
that produces the .greatest profit in dollars. The question 
is, then, what production tonnage (x) will yield the most 
dollars? This means v/e are seeking the maximum rate of change 
P v/ith respect to x. 

Let*s Gtart out by solvinr; this (graphically, plotting; the 
fcraph of 3? as a function of x and finding out where the maxi- 
mum (high) point of the curve is. To do this we v/ill use t?..e 
values X = 0, 5, 10, and 15 and sketch in the rest 
of the curve v/ithout tabulating values. 




41 p 


.1. 




0 




s 








IS- 



S la \S 

The tonnage that yields a maximum profit is, x = 



for which ? = 



The rate of chan/^e of P with respect to x is (from the 
formula at the top of the pa/^e), ss . 

Vfnat would you expect the value of P*to be at the point 
X = 10? 



Turn 'to pa^e 66 to check your ansv;Gi$i 
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an?. 



X = 10, P = 




The first ansv/er simply represents the coordinates of 
the hi^h point of the curve; the table of values,.' of course, 
gives the same information. 

The second ansv/er represents the derivative of P with 
respect to x in the given formula, that is, the instantaneous 
rate of change of profit dollars with respect to tons produced. 

If you got the answer to the third question correct you 
did very well indeed, for this involved a little thinking about 
what the derivative means graphically. Do you recall we said 
earlier that it represents the tangent to the curve at a point, 
or the s!loT)e of the curve? It isn't hard to visualize the slope 
of a curve that is headed either up or dov/n. But what does 
the slope look like when the curve is going neither up or down? 
This is the situation v/e find at the high point of the curve. 

If you got the correct answer you realized that the slops 

v/ould be zero at the maximum point (or at a minimum point, 

though v/e won't go into that here), because the tangent would 

be parallel to the x-axis. 

If all this is so, then substituting the value 10 for x 

2 

in the derivative of P, namely P' - 30x - 5x , should produce 
a value of zero for P*. Try it.' 



For X = 10, P« = 



Turn to page 63 to check your ansv/er. 
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ano, Tri.:i-onor.otric, InverGe-Sri^onometric, Exponential, 
lo^aritlunic 



DonH oecome alarmed, V^e are not going to become in- 
volved in all the possibilities that exist for differentiating 
the various types of transcendental functions. We are really 
only soing to look at tv/o: the derivative of a trigonometric 
function and of a logarithmic function. 

However, since it v/on»t help you to know hov; to differ- 
entiate such functions unless you first can reco^cnize them, 
look at the functions below and see if you can identify them 
as cither alf.':ebraic, trifconometric or exponential. 



1. 



y 



sin(x^ - 3) 



2. 



y 



e 



X 



3. 



y 



2x 




4. 



y 



2 cosx sinx 



Turn to pa, 



,,2;e 69 to check your ansv/er. 



ERIC 



ana. ?» = J^OO - jJ^lOO n: 500 - 500 = 0 

Since the possibilities for application are nearly limit- 
less v/e wfill not include any further examples. You will find 
all Ox these you want in any first-year book on calculus. Re- 
member: our purpose here is not to supplant such a text, merely 
to supplement it by introducing you to the basic concepts at a 

leisurely pace. 

Before leaving this brief excursion into differential 

calculus, however, there is another class of functions with 

v/hich you should at least be familiar. These are knov/n as 

"transcendental" functions. And in case you don*t recognize 

this term from your study of alp;ebra, a transcendental function 

is one v/hich is non-al{j;Gbraic, althouf;h it is an important 

branch of the family of mathematics. Below is a chart that 

should help to refresh your memory regarding the various 

branches of the family of functions and equations. 

1 Polynomial 

Algebraic 



1 Non-Polynomial 

Mathematical r- Trigonometric 



I Inverse-Trigonomtric 
Transcendental 

I p Exponential 



Logarithmic 

Write belov; the names of the four kinds of transcendental 
functions shov/n in the chart above. 

1. 2. 3. 4. 



'-)urn to ii'c:.y.Q 67 to check your ansv/er. 
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ans, 1. trir;onometric ':5, altiecraic n rjir ajuui mihh mm r- 

2. exponential 4. tri^'onomotric BtSl COPl AwJuUIBLt 

Example 2 is an exiionential function; example 3 is an 
rJ.robro.i c (pov/or) function. Be careful that you don»t confuse 
them. An exnonontial function (v;hich is a kind of transcendental 
function) consists of a constant (or variable) with a variable 
exponent. A pov/er function (v/hich is a kind of algebraic function) 
consists of a variable with a constant exponent, 

I'm sure you had no difficulty reco^jnizin^ examples 1 
and 4 as triconometric functions, and this is the type of function 
v/e v/ill examine first. 

The derivative of any of the trigonometric functions can 
bo arrived at by means of the delta process, however v/e are not 
^oin- to make you wade through this. V/e are only coinc to con- 
sider the sine function and will simply state that 

D-9 



~(sin v) = cos v;^ 



v/here v is simply some function of x. 
Applying this rule to example 1 from pa^e 70 v/e get 
y = sin(x^ - 5), hence v = - 5 and = 2x 
therefore y» = 2x cos (x^ - 5). 

Use this approach to find the derivative of the follov/ing 
function: 

y = sin(x^ - .4x); y» = 



Turn to pa^e 70 to check your ansv/er. 
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= 2x - 4 cos(x^ - 4x) 

Your textbook (or any table of standard derivatives) 
v;ill 2ive you the formulas for finding; the derivatives of 
the other trigonometric functions. To use them you o'ust 
apply then: in the same v/ay v/e did on the previous for the 

sine function. Hov/evor, let us turn our attention nov; to the 
problem of finding the derivative of a Icrarithmic function. 
This is interesting because it introduces the concept of the 
so-called "natural" logarithmic base e. 

In al-:obra v/e are uood to working: with the logarithmic 
base 10, the base used for "common" or Bri^ii'sian lo.^is. Let 
us consider, hov/ever, what the derivative mi{Tht be of the 
function y = Io^-q^' if we treat it temporarily as an algebraic 
expression and don't worry about v/hat the base b represents. 

Using the delta method v/e arrive at the expression 

J 

This looks a bit messy, but as we allow£sjc to approach 0, 

1 

the ey.Tioner.tial function (1 + ^) "F appears to approach 
the value 2,718... as a limit, hence the derivative becomes 

g = 1 102,^2. 718... 
-Tow comes the trick. If we allow b = e = 2.718..., then 
the derivative sim.plifies very beautifully to 

Continue on pa;:e 71 . 
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Tavis v/e arrive at the base e = 2.718... for what is 
termed the "natural" lo^^arithmic base, or the base of natural 
logs. The only thing natural about it is, of course, that it 
is "naturally convenient" in order to make the standard, step- 
by-stexi process of differentiation work out simply for a log- 
arithmic function. 

Logarithms taken to the base e also are known as Naperian 
logs, after the man v/ho first calculated the tables for them. 
Because of their convenience, Naperian or natural logs are used 
almost exclusively in calculus and advanced mathematics. 

Finally, then, the formula for the derivative of a log- 
arithmic function (v) of x is 

2-10 4-(log v) = 

ax^ "-'e V dx 

Let us take as an examplc|of the use of this formula the 
function y = log(x^ - 2). (V/e will not continue to write in 
the base e but henceforth v;ill consider it understood.) 

Since v, in this case is (x - 2), our formula tells us 
to take the derivative of this expression with respect to x 
and to place this over the function itself. Therefore, 

v» -- 

x'^ - 2 

Now suppose ^ try differentiating the function 

y = log(x^ + 5x - 2). 



Turn to pa.:;e 72 to check your answer. 

o 
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ano, y» = 
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3o now we have arrived at the derivative formulas for tv/o 
transcendental fvmctions — one trigonometric and one log- 
arithmic — and the last two we will investigate. They are: 
Rule [ Meaninjy 

D-9 ^ (sinv) = cos v^ The derivative of the sine of v (some 

function of x) equals the cosine of the 
function times the derivative of the func- 
tion v/ith respect to x, 

D-IO ^(lo^^^e^) =^37 '^^^ derivative of the lo.«:arithm (to the 

base e) of some function of x is equal 
to the derivative of the function v/ith 
respect to x times 1 over the function 
itself. 

Although there are many other standard derivative form- 
ulas or rules, they can all be arrived at by the same general 
delta process we have used thus far. 

In brief, the aTPDroach v/e have followed in the foregoing 
pages is all there is to differential calculus. Everything 
else is just a systemmatic application of the same basic idea 
to different types of functions for different special pur- 
poses. Once we have used the delta process to find the general 
rules, v/e then use these general rules (formulas) to solve 
problems because they make the solution faster and' simpler, 

•;/ith this in mind turn to the next page v/here you v/ill 
find a quick reviev/ ofjeverything we have covered on the subject 
of differential calculus, after v/hich v/e v/ill proceed to explore 
the companion subject of integral calculus. 



ERIC 



BEST COPY mum " ^ 

Roviow 01' diri'orontial calculus concepts. 



Reviev; Item 


Pa^e 
ref. 


Example 


1 • In mathomatics v/hen v/o speak 
of "approachin,^ a limit" the 
limit roforrod to usually is 
zero. 


8 


V/hen one is runninf^ out 
of ^as, the amount re- 
maining'; in the tank is 
approachin/T zero as a 
limit. 


2. The notion of approaching sero 
ri. limit can "oe represented 
symbolically. 


10 


If represents the 

gas remaining (in the 
example above) then v/e 
can write this as 

>-0 


3. A na;ior problem that led to 
oiie uevexopmen 0 ox cai.cu±us 
v/as that of hov; to determine 
t?ie j.natantaneous, rather than 
the avera'-'-e, velocity of an 
ob.1C:Ct vmose speed varies 
v/ith tino. 


11 


A free-falling body, 
such as an ob,1ect throv/n 
into the air or dropped 
from a hei^^ht, is an ex- 
ample of one v/hose velo- 
city varies v/ith time. 


stant, of a free-falling;; body 
can be estimated quite close- 
ly by calculating?; its averar-e 
siDeed over shorter and short- 
er intervals. 


H, 

16 


^ see pages 1 4 axiu 1 0 j 


5. A.-^ an aid to understanding^ 

variables (such as heiffnt or 
distance v;ith tine, x and y, 
etc.) it is often helpful to 
drav; a ,;^raph of that relation- 
r.hir). 


21 


Relationships such as: 
h = 128t - I6t , or 

y = x^ 


6. She Shane of the resulting; 
curve represents the rate at 
v/hich either variable is 
chanr;in?; value v/ith respect to 
the other variable. 


24 




7. She p. "lone of a curve at anv 
•Tiven" point (v;hich v;e measure 
by means of a line tan^-ent to 
the curve at that point) rep- 
resents the direction of the 
curve . 




/ 
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8. 'Po riviniGt in analyi^in^'; tho 
relationohii-) betv/oen t>i.e two 
varjablon in a function such 
as y = x'^, v/e f-rapli the fimc- 
tion, 3GlGCt a fixed point, P, 
anci another ^loint, Q, on the 
curve a short distance from P. 



9. strai^9;ht line passin-^'; 
throu'-rh the tv/o -ooints is 
called the "secant" (S), and 
the ri,":ht trian^r^le formed 
thereunder has as its sides 
the tv/o coordinate distances 
(ax ^^nd ^y) oetv/een the 
^'Oints, 



10. The slope of the secant, 
is then Ay over iix. 



Pa/to 
ref . 



lixaraple 



25 



25 



c 



11 



yn order to observe hov/ the 
relationr.hit) between x and y 
varies alonf;; the curve, v/e 
ir:a'Tine the point Q to r?;rad- 
ually at5proach the point P, 
and hence the secant S to 
f-radually approach the tan- 



r.:ent line 



12. ';?o find a mathematical eX" 
T)re3sion for the slope of 
the secant line as 0 
a-oproaches ?, v/e substitute 
the coordinates of Q 
(x + ^^x and y + A / ) in the 
eouation of the cui've, 
namely, y = y/- , This «;ives 
us the expression 

^ = 2x +Ax for the 
slo-!:e of S. 



26 



31 



A(, 



, _ ./-Y^^^v 




-A 



Slo-oe S =4-^ 



'I 




30, 
31 



i 



Coordinates of 

Q = (x +^x) and (y +^y). 

Substituting; these 

values for x and y in 

the equation y = 

f!:ives us: 

2 9 

y +Ay = X + 2x»iiX +Zx 

or, substitutin;-^ for 
y and dividing both 
sides bj'' X, 



m con nnim 



Rovie'v Item 



15. As Q a-op3'oaches P, A.x riets 

shorter and sh orter, that is, 
it aioproaches zero as a limit. 



14.^/. -lea Q arrives at the point 

become zero, thuj 
dropping out of the expres- 
sion - 2x + Ax, and the 

secant line "becories ( coin- 
cides with) the tangent to 
the curve at P. 



Pa.-p:e 
ref . 



31 



Example 



^3 



15. V/hat occurs in item 14 above 
can be exnressed symbolic- 
ally as shovrn in the example 
onposito; verbally we say 
that "the limit of 

p.r. a limit, is 2x." 



an Ax ap\-)roachos zero 



16. ?he name driven to the limit- 



in.! vaiue 01 



Ay 



AX 



as Ax 



arsT^roaches zero is "deriva- 
tive," and it is r/ritten as 

ax* derivativ e, then, is 
lirnitin^ value. 



17. -ho derivative of y v/ith re- 
srject to X in the ex^Dression 

= X" is .?x. 



18. '^hero are four conjnon v;ays of 
expressin.'^ the derivative of 
V v/ith resnect to x. 



38 



38 



19. Lookin;; at item 17, it is 
an^arent that v;e could have 
found the derivative of 

2 

y " X" sirnpl.y by multirjlyin,'^: 

zhe ri'-'ht-han.v member of thb 
equation by the ex^Donent, 2, 
and then reducing the orig- 
inal exponent by one to i?;et 
th e nev; exponent. 



40 



lim ^ = 2x 



Ax 



AX 



_ . Ay dv 

lim ft; = ttJ: = aerivative 
X— >0 

1^ means the deriva- 
tive of y with respect 
to X. 



g(x^) = 2x 



g = y' =f'(x) = 



dx' 



42 



y'(x2) = 2.x2'-'' 
= 2x 

or y's 2x 



U(;vii>v.' ".r loin 


roj'. 


iiixample 


20. 'IM-io .'conoral rule lor rindin/r 
t)K) derivative of r.ome power 
of X if?: 

V/ft read this as: The deriva- 
tive of X to the nth ^ov/er 
is equal to n times x to the 
n -rni n \\ s - 1 n o v/e r , 


44 


^^KX ) - 4X 


21 . The derivative of a constant 
is zero. Thus, 

= ° 


43 


Tx-(8) = 0 


22. The derivative of x (or of 
any variable) v;ith respect 
to itself is one (1 ) . 


46 


-kM - 1 


25. The term "differe\t^" 're" 
means "find the d^i-i ative 

OX • 


47 


To differentiate the func- 
5 

xion y = X means to 
find the derivative of y 
v/ith respect to x in 

the function y =s x*^. 


24. To differentiate a function 
cornDosed of several terras 
connected by plus or minus 
sir:no, simnly differentiate 
one term at a time. 

Syinbolically expressed: 

-^(u + V + w + . . . ) = 

f^u dv dv; 
dx • dx dx + 


48 


If y ^ 2x'^ + 3x^ - 4x, 
then y»-. Sx'^ + 6x - 4. 


25. To find the derivative of a 
function divided by a con- 
stant, treat the constant as 
a fractional mulxiplier. 

J^a) = 1 .41 

ax c dx 


50 


-x^ 

If y = 
then y = 
and y' = ^x or ~ 
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Review Item 


Vaj";e 
ref. 


Dxample 


26, Do dif f orentic?.te a .fraction- 
al. T>o\7or, nniltiply by tho 
fraction and reduce the ex- 
ponent by one (,1ust as you 
would v/ith any exponent). 


-? 1 


y = x^- ^ 
y» = ?jx"'^' 


27, 'Jhe derivative of the pro- 
duct of tv;o functions is 
equal to the first times the 
derivative of the second, 
plus the second times the 
derivative of t?ie first. Thus, 

d / \ dv du 
dx ^ ^ ""ax Qx 


I 


= x^(3x^) + x^(2x) 
= 3x^ + 2x^ 
= 5x4 


28, The derivative of the oao- 
tient of two functionr. ic 
eoual to the denominator 
ti.T.or. tho derivative of . the 
numerator, minus the numera- 
tor tirrGs the derivative of 
the denominator, all divided 
by the denominator squared, 

V 


53 


d fX^s 

x.^(5x4) - x5(2x) 
x^ 

5x^ - 2x^ 
x^ 

X ' 


29. '7'akin.^ tho derivative of 
hei-ht (h) v;ith respect to 
time (t) in the equation 
f-ivinjr the chan:<^e "in hei^^ht 
(v.'i-uh time) of the ball throwr 

''IP'uO "fcre PIT' vip"if^c; "t-Vio 

formula for the inL ;antan- 
eous velocity of" the half at 
any -iven" instant , 


56 


h = 128t - let^ 

h» = 128 - 32t 

V/hen t = 2, then h» , 
or V, = 64 ft/sec, 
(note that h' actually 
is V, the velocity or 
time rate of chan/^e of 
the position of the ball) 


^0, ■^I'he j^onora'i exn.TT.osion for 
the derivative is obtained 
in the same (-general way that 
v;e found the derivative of 

the 3')-:^cif i.c function y = x^- 


60 


If y = f(y), tnen ^^i^^t 

_. f (X + Ax) - f(x) a^r 

AX - dx 


51. ?ran:^cer.dental f-^nctions are 
r,on-al/;ebraic furi.utions. 


68 


Trif^onom.etric, expo- 
nential and lo/^arithraic 
functions. 



. Roviov/ Item 


l^a/'^ie 
ref. 


1 Kxample 


32, The derivative of the sine 
of v (some function of x) 
equals the cosine of the 
function tines the deriva- 
tive of the function v/ith 
respect to x. Thus, 

-;^-ir(sin V ) = coo 


69 


2 

y = sinx 

p 

y» = 2xcos X 


53. In calculus and advanced 
r.atheinatics the so-called 
"natural base," e, (equal, 
to 2.71S...) is used as the 
bacT'^ for lorarit^ims. 


71 

• • 


(See page 70 ) 


34. The derivative of the log- 
arithm (to the base e) of 
some function of x is equal 
tr the derivative of the 
function v/ith resnect to 
multi-olied by 1 over 
(that is, the reciprocal 
of) the function itself. 
Thus, 

dx ^-^""e^^ v dx 


71 


y = lofi (x^ + 3) 
x^ + 3 



And nov/ since you probably v/ould like to discover how 
much you have learned, turn to page 79 and take the short 
self-quiz you v/ill find there. 
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i^^ll t'-'.n u'-. on tho bn .s.lG ooncer)ts o f Differential Calculirr. 
(Circle tho correct ansv/er or fill in the misGin^-; information) 



1. 



o 



4. 



"Oifforontiatc tho expression y = 3x'^\ 
l''ind the derivative of r> v/ith respect to 
r in the equation s = 8r* . 
'^he symbol A is used in calculus to mean 



Tne derivative (rate of chanp-e) of distance 
v/ith rectpect to time is called velocity. 
A lonpj-standin^- mathematical problem v/hose 
solution led to the invention of differen- 
tial calculus v/as that of findin.p; a way to 

dexermine the velocity of an 

object. 



6. 7he derivative of a constant is 
7. 

Hhe s.ymbol — >^ means 



Ay dv 

rt: and mean the same thins:. 



ans. 



ans. 



True False 



avera{;e 
instantaneous 



True Palse 



9. Find the derivative of y v/ith respect to x 

.1. 

in the expression y - , 

10. In the fi.'^ure at the ri~ht what is the 
line passing throui?h the two points 
of the curve called? ans. 

11. differentiate the expression y = x +2x -/>.x+1 . ans . 

12. 1'he derivar.ive of any variable with respect 
to itself is 
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Self-Quiz (continued) 

15. The slope of a curve at a point is measured 

by the anrjlo "betv/een the. to the 

curve at that point and the x-axis. 

14. ?ind the derivative of y with respect to x 

o 

in the expression y = x" using the delta (A) 
method. Show all steps. 

15. The formula for the area of a circle is 
(as you probably recall) A ^Ifr^. 

Find the expression for the rate at which 

the area is chanr^iinf; with respect to the 

radius, and evaluate this expression for ans,(l)^ 

r = 2 feet. ans.(2)., 

16. Write the expression for |^ in terms of 



Ay and Ax. ans. 



17. An automobile movin,':^ in a straight line is 
a distance of 2t + 3t^ from its starting 
point after t seconds. V/hat is its 
velocity after 12 seconds. (Remember: 
The derivative of distance v;ith respect 
to time i£ velocity.) ans, 

IS. If the velocity of an object is given by 
tjhe forTiula v = 200 5t^, v/hat v/ould be 
its acoeleration value for t = 8? (The 
velocity is in feet per second. Remember 
that acceleration is the time rate of 
oYi^n^Q of velocity.) ans. 
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S o 1 r-i. > u i ( c 0 n t j. nu o a ) 

19. Kvaluate Vi\e nlope of the curve defined by 

2 

the expression y = x - 4x for the value 

X = 2, ans,^ 

20, In the previous problem v/hat does the value 
of the slope tell us about the curve at the 
T>oint X = 2? ans. 



21 , Find the derivative of y v/ith respect to x 

in the follov/ing expression: y = (2x+1 ) (x^-2) , y» = 
(Use the product formula from paf<e 52. ) 

22. Usin~ thG quotient formula from pa/^e 54 

differentiate the expression y = , ans, 

x'^ - 1 — 



23. The expression y = tan(x^ +3) is a tran- 
scendental function. True False 

24. V.Tiat is the derivative of the expression 

y = sin(x^ + l)? ans. 

25. Pind y» if y = log (x^ + l), ans, y< = 



Turn to pa.'^e 82 to chcclc your answers. 



Ansv/fira to 3 el f-QiJiz on Differential Calculus 



V Pap-e ref . 

2, s< = 24r" 41 
5# a little bit of, or an increment of; thus, Ax means 25 

a little *Dit of x. 
4. True 56,64 
5), instantaneous 2 
6, zero 

?• False, 2^ represents the avera/ye rate of grov/th of 58 
a function, or average rate of change, 4j is the 
limitin-^'- value of the ratio ^ as the interval Ax 
of the independent variable approaches the limit zero, 
Therefore, ^ is the instantaneous rate of chancre 
of a function at the point in question, 

8. apt)roaches 7 

9. y« - ^ 52 

10. the secant 25 

11. y» = + 4x - 4 47,48 

12. one (1 ) 46 

13. tangent 24 

14. (see pa.:-e 53) 37,38 

15. A» = 2irr; v/hen r = 2, A»' = 4ir, or the instantaneous 62 
rate of change of the area of a circle when r = 2 feet 
is approximately 12.56 square feet per unit change in 
the radius. 
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jVnsv/ers to Self-Quiz (continued) 



17. d = 2t + 3t^ 64 
d«=: V = 2 + 6t 

v;hen t = 12 seconds, v = 2 + 6(12) = 74 ft/sec 

18. V = 200 + 5t^ 65 
v«= a = lOt 

v/hen t = 8 ft/sec, a = 80 ft/sec/sec 

19. y = - 4x 66 

y»= slope = 2x - 4 
v/hen X = 2, y» =0 

20. Since the slope of the curve = 0, the tangent to 66 
the curve at the point x = 2 is parallel to the 
X-axis, meaning that this is either a maximum or 

a minimum point on the curve and that tlie curve 
is chansin^: direction, 

21. y = (2x + l)(x^ - 2) 54 

y«= (2x -'r l)2x + (x^ - 2)2 

2 ? 
= 4x + 2x -i- 2x - 4 

= 6x^ + 4 



99 V - 



x"^ -: 1 

■J? : t 



y' = 



(x" - ir 



Pa^eref • 
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Ansv/ors to Self-Quiz (continued) 



+ 1 



Parre ref . 



23. True 58 

24. Pron the formula on pane 72 , 69 

y = sin(x^ 4- 1 ) 

since V =: x-* .h 1 , then ^ = 5x^ 

and = Jx^'cosCx"^ + 1 ) 

25. .toin from page 72 , using the log formula for the 71 
derivative, 

y = 10t^(x^ + 1) 

since V = x-* + 1 and ^ = ':5x , then 

v-2 



If you r-:ot 20 or more rif^ht you did very v/ell indeed. 
If you missed more than five you would do well to review 
the itcmo you micsed, 

I'i'ov; i-'s time for us to consider the subject of int?^Tal 
calculus, the counterpart of differentail calculus. So please 
turn to pj,fTe 65 and we'll proceed. 



CIIAP'-ThIR 6: A LOOK AT INTEGRAL GALCULIJS 

In aritiimetic and alf^nhTa, v/e have several operations that 
are the inverse of one another. That is, one operation undoes 
the other. 

Por exanit)le, subtraction is the inverse of addition "because 
it undoes addition. Division is the inverse of multiplication 
because it undoes multiplication. Similarly, taking the square 
root of a number is the inverse of squarinfc the number (except, 
of course, that in takin.n; square root v/e wind up with tv/o 
answers since the original number could have been either 
positive or ne^<:ative). 

The relationship betv/een differential calculus and integral 
calculus is quite similaf, for integral calculus is, in effect, 
the inverse of differential calculus. ?or e: '.ample, the process 
of differentiating the expression y s x^ consists of finding 
the derivative of y v/ith respect to x. Prom v/hat we have 
learned in the preceding chapters we knov; that this would 
oe y' = . 

Suppose, hov/ever, v;e v/ere riven the expression y* = 3x^ 
and asked to perform the process of inte.^ration (not in its 
social sense, Please) on it. ' This would mean finding:; the 
ori.-iriai expression from which y» = 5x was derived. Vfnat 
would v/e have to do to 3x^ to turn it into x"^? 



Turn to paje bS to check your anov/sr. 
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ajis. Divide by 5 and increase tlie exponent by one, 

Let»s apply this procedure and see if it v/orks. 
y» = 5x^ 

Dividinj this expression by 3 and increasing the ex- 
ponent by one gives us 24.1 

y = — = x*^, our original expression, 

SooMis to worx, doesn^t it? This is integration. 
Ivov; there is a rather odd-looking symbol, knov/n as 
an inte^-ral sivn . that is used to indicate this process of 
integration and it is this; J^. Basically it is sinply an 
olon^'ated S. Thus if v/o v/ished to indicate that the process 
of integration was required we v/ould place this sign in front 
of the expression. Apply it to the problem above v/e v/ould 
5x^ = x^, 

Hov/ever, there is still one thing lacking, namely, some 
indication as to the variable with respect to which the inte- 
gration is to be perf orraed. In the above example since we 
wish the integration to be performed with respect to the 

2 

variable x, v/e indicate this by adding dx after the term 5x 
(v/hich, by the v/ay, is called the inte crand) . This gives us 



get: y = J^^^~ = ^ • 



9 



In general terins then: To integrate a sinple exponential 
function such as the one v/e have used here, i ncreaso o'j'.o ex- 
•-■onent by one and divide the exr)re3sion by the nev; ex'oonGnt . 
Try this on the follov/ing probler/.s; 



2, J^x^dx = 4. J'xd: 

Turn to page S7 to check yor.r ansv/ers. 



rrora pa,'jG 66 
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ans, 1. 2. 5. 2x^ 4. -^x"^ 

?or simplicity's sake v/e have so far omitted something 
' Is 

that actually/quite important, I wonder if you know what it 
is? Kerens a hint. 

Sometimes in "rioin;^^ "backwards" "by inverse operation to 
find an ori^dnal expression v/e run into in inherent uncertain- 
ty, For instance, in taking the square root of a number we 
can't be sure whecher the original term v/as positive or neg- 
ative, 2hus, the square root of 4 could be either +2 or -2, 
Hov; then do wo knov/ which is correct? The ansv/er is, v;e don't, 
We simply have tv/o possible answers, both of v/hich may be 
correct. 

Boarinr^ this in mind and the fact that in the process of 
differentiation constants droD out , v/hat do you think is v/rong 
with accepting x'^ as the com-olete ansv/er to I5x^dx? 



Turn to paje 33 to check your answer. 
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ans, IIierG r.ia;/ have been a constant in the original 
expression v/hich does not appear in our ansv/er, 

or course. If we start out to perform the process of 
integration on an expression v/hich already is a derivative — 
and tliis is the only kind of expression we can inte,:^rate — 
then we have no way of imowins what or how many constant 
terns there :r.ay have been in the original, V/e indicate this 
usually by adding the letter C to indicate what is knovm as a 
'•constant of inte.i-.Tation. The C simply represents any_oon- 
stant terms that may have been in the ori^'jinal expression. 
•Thus, properly stated, J^^x^dx ^• C, 

You will find, when you got further into your school 
course (or any good textbook on calculus), that v/hen using inte 
gral calculus to solve applied problems in physics, chemistry 
and engineering there often are clues (in the nature of the 
problems them.selves) as to the nature of these constants. 
Thus v.'e of-cen are able to evaluate them. 

To help you become familiar with some of the syr.ibology 
your textbook may use, we will use P(x) for the trme being in- 
stead of y« to represent the derivative. Using these symbols 
v/e can then state the follov/ing general rule: 




Try this below for the function P(x) = x*". 



tlien 



Turn to page 90 to check your answers 
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'Po test this theory let»s start with such an integrand, 
talce its derivative, and see if we do in fact end up with the 
expression x^. Thus, 



V;e will not attempt — nor need you attempt — to perform 
this k-ind of reasoninf^ ahout the other integration formulas. 

v;ent throu.^h the exercise above in order to give you some 
notion of the kind of reasoning that someone else had to f^o 
throu-'^h in deriving'; the various inte^rration formulas v/ith 
which wo work in inte^iiral calculus. If nothinp; else it should 
"live you a healthy respect for their efforts. However, it also 
should provide you v/ith some insi^cht into the hasic method of 
integrating functions. And it is something your classroom in- 
structor v/ill probably insist that you knov/. 

From what we have co-v • red above , v/e can now state the 
required integration formula: 



V/ith this formula in front of you, perform the integra- 
tions called for belov/, for the values of x^. shown: 



d_/x N _ n+1 „ n-^ i -1 n 

"dx '^n+l ~ n+1 ~ ^ 





Sum to pa:;e S1 to chock your ansv/ers. 
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and • 



tlien 



'J A 

4x^dx = x*" ^• C 



r>:ost irjter^ration, like most differentiation, is done by 



formula. Since "working back\\rard»» art we have to do in inte- 
^rration is considerably more difficult, f{enerally speaking, 
than performing.'; the original differentiation, there are many 
n:orG possible outcomes of the integration process hence many 
mors tables of integrals, or integration formulas, than there are 
tables of derivatives. In fact, integral tables usually are 
published as a separate book in themselves. But to use such 
tables one needs to laiow how the formulas v/ere arrived at. 

unfortunately, there is no uniform, step-by-step process 
of integration such as there is in differentiation. In general, 
inte^tr ation is a process v/hich has to be performed literally by 
fninkin--:- backwards! 



Por example, to find the formula for Jx dx vie first ask 
ourselves: V/hat is the function v/hich, v/hen differentiated,. 



Although obviously not the ansv/er to our question, this 
equation gives us a clue that if we had started v/ith a power 
of :c one degree higher, and if we had divided that power of 
:■: by its exT5onent, v/e v;ould have had the desired integrand. 

Continue on page C9. 




yields as its derivative? Recalling from differential 
calculus that -^(x^) = nx^"*" , it is apparent that a formula 
somev/hat like the one v/e are looking for would be 




• *r*>:n p. -01- 
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anrj. 1. -i- C 2. + 0 3. x'^ + 0 4. x -p C 



Did you p'et that last problem correct? It v/as intended 
challenp^e your thinkin,':c a "bit and to lead you tov/ard v/hat is 
really a special case of the p;eneral rule for intepirating 
"oov.'ers of x v/hich we develor^ed on the previous page. Namely; 
?pe inte.^T al of 1 (\\rritten as dx v/ith the 1 understood) 
is x -nlus a constant , Taw s , 
1-2 Jdx ^ X + 0. 



And, as you nir<ht expect, the inte/rral of 0 is a constant . 



Thus , 



.1.-:) 



dx = 0 



So far then v/e have three integration formulas: 

X dx = + ^ 

1-2 The inter^iral of 1 : Jdx = x + C 

1-5 The inter;ral of 0: Jo dx = C ' 

On page 89 you practised using Rule 1-1 • Hov/ever, since 
there are no variations of the situations covered "by Rules 1-2 
and 1-3 (i.e. either you have a 1 or a zero or you donU), 
there really is nothing to practice. Just watch out for 
these situations; be alert to recognize them and vo apply 
the proper rules. 



ilov/ proceed to the next' pai^e and we will consider the 
situation v:h.ere v/e need to find the integral of a constant 
tiFiGF a variable, • 



ontinue on paje 92, 
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'''ho i -ntn'-val of a cnnfltan-t, c. times a » 

.>He same a.^ the_constant tim es the inter :ral o f the 
variahl e . Thus, 



1-4 



cv dx = c V dx 



In other v/ords, all v/e need do in this situation is bring 
tlae cor*stant outside the integral sii^^in and then proceed to in- 
tegrate the term c^ntainin^ the variable. For example. 



And, as you might expect from the above formula, the 
inte.'-<ral of a constant is riven by the formula: 



I'his formula simply tells us again that the constant 
can be brought outside the integral sign until the integration 
has been performed, then brought back into the term as a multi- 
plier. I'hus, 



•There is little more to be said about either of these 
integral formulas except to urge you to start memorizing them. 
You v.'ill use then frequently in integral calculus. They are 
sure to appear in one form or another on the tests your class- 
room teacher gives. Learning the basic differential and inte- 
gral formulas is about like learning the multiplication tables 
in ari-chnetic; both are essential if you expect to get very 
far in ycmr study of mathematics. 




1-5 
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Aov/ li^t, 'f. connldor the oar-jo whoro v/e havo tyin variables, 
Iwoh oi; v/iuc}i arc, in turn, variables o:C x, 'j?ho rulo for 
lntv> 'Tatln;; in this caso in: 'i^ho jirh/^''"ral o i' the r.vm (or 

^ "^^^ differ" 

c^noc^) of tho int^ -rnln of t ho functionFi Rpnaratoly, 

Since this probably sounds like double-talk to you, 
let'i v/rite it dov/n in syrabols at once and the meaning will, 
I am sure, become clearer: 

1-6 



|"(u -i- v)nx = jU dx -r Jv dx 



For e:rample, + x'^'Odx =J x'^dx +J^x^dx 

4 5 

= X + ^ + c. 

So in addition to the three inter!:ral formulas suminarized 
on pa--e 91 "^o^r have three additional formulas, namely: 

1-4 "J^he intez-^-ral of a constant I cv dx = c ( v dx 
times a variable: J J 

The integral of a constant: j^c dx = cx + C 

I-G '.Tno intcviral of the sum of [ (u -i- v)dx s= ( u dx + I v d 
two variables: J ) J 



ax 



Use all cix formulas, as needed, to perforn the 

f ollov/in;;- inte.;;ratio;i3 : 
1 

2, I ax = 1 iix'u:c = 



. p-: dx =: ' 4, j"|x^d:: = 

J2 dx = 5. |*2x'^d:c = 

Jo dx = 6, JCx*^ - 3x^)dx := 



'2urn to oa.^e 94 to check your ansv/ers. 



2. 2x -i- G 4. ^ + C 6. ij - ^ + G 

Let's list here the six integration formulas we have 
discussed so far so that you v;ill have them all in front of 
you in one place: 



1-1 I x^dx = x^+^ + G 



1-2 J dx = X + C 

1-5 fodx = C 



j^Odx 

1-4 Jcv dx = c J'v dx 

1-5 J* c dx = cx + G 

1-6 |*(u+v)dx = judx+ I'v dx 

Keep in mind that v/e have o"btained all the above formulas 
by the fairly simple process of thinking; back\'/ards from v/hat 
v/e already Icnow about the original functions from v/hich each 
v/as derived. 

Keep in mind also that it is one of the (at times) frus- 
tratin •• facte of in-^orral calculus that yon can't .1nto^To.tr> 
M-.-iv-f-v j>Tr. '^lofoT'r' the? vfiVP.TP.e iirocoFB of '"b'.f f orenti.? t ir ■■• r?n^o - 
f'.v:''." ;^ , - , ^/v ;-7 . '^^■d^d th^* or^rtrorslon yon vrish to int^.''-ri^t,q { 

is v.'hy there arc, indeed, some functions v;e can ' t 
inte.-ratc becauoo no one a?.s yet been able to find the ex- 
pror>sior.s from v;hich thsy v/ero derived! 
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So ±av tho intOt'Tration formulas we have worked v;ith 
have al3, bL^en of the form ...dx, that is, they have all dealt 
v/i-ch fair],v simple, direct functions of x. Hov/ever, v;e often 
run into tho situation v/here v/e need to he able to inte/;:rate 
tho firnction of a fun ction . O^hus, if y is a function of v, 
and V is a function of x, v/e say that y is a function of a 
function. .'Vlthou^Th the explanation may be ne\i to you, the 
idea should not be entirely novel since v/e have used the 
letters u and v to represent functions of x before. 



Jhuc, correspondinrc to the formula x^'dx = -~-x^''*''+ C. 

J n+1 ' 

v/e have the formula: 



Since v represents some function of x, what this 
formula is saying to us is that to be able to integrate such 
a function v/e must have the derivative of v v/ith respect to x 
to start v/ith i That is, we must have dv, 

i^r example, supnose v/e v/ished to inte.^rate the expression 

2x(x" - a ) . formula 1-7 tells us v/e cannot do so unless v/e 

have the derivative of v in the intec:rand. Now v in this case 
2 2 

is (x - a ), Vienoe dv = 2x and - lo and behold! — v/e do have 
2:: as r)art of the inte.^rand, v/hich means v/e can perform the 
inte:^ration. Accordin/ay, from formula 1-7 





.1 u 



yov.r ar.Gv.'or, 
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ana. {r? h- l)'-^ C 

Lot»f. '-0 over that last r^roblem tofiether. 

You v/aro asked to find: ^^y?{y? + 7)^dx, 

]:he first thin^; v/e need to check on is whether or not we 
have dv — that is, the derivative of (x^ + 7) with respect 
to :•: ~ in the integrand. Do v/e? Yes, since the derivative 
of (x^ + 7) is ':5x^. 

2 

Vfnile it is true that what v/e actually have is 9x , 
this can oe easily adjusted oy dividinn; 9x^ by inakinj^ it 
5x^, and offsetting; this division by placing a 3 outside the 
inte.'':ral sir^n as a multiplier. This gives us 



r 



5 



3x^(x^ + 7)^dx. 



Kow, inte^iratinn accordin,^ to fomula 1-7 v/e ^^et 

+ 7)'^ + C 

or simply (x'^ + 7)^ + C. 

•Ihere are many, many tricks to integrating and you will 

learn a "reat number of them in your rer::ular course — enour;h 

to convince yon that integration is almost as much an empirical 

art as it is an exact science I 

rotp: '^he foregoing? problem, as v/ell as the example 
"^Hax preceded it, could, of course, have been solved 
sim-oly by exT)anding the integrand, integrating each 
term and then adding the results. The purpose in using 
the integration by parts technique was to give yoM 
practise in its application. 

I'ov/ turn to the next page and v/e will look at one more 
trick. 
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Dincc v/o Jiavo already louud that the dorivativo of the 
sine is the cosine, it probably v/ill not surprise you to learn 
that the integral of the cosine i s (minus) the sine. Thus, 
1-8 J'cos vdv= sin v + C, and sin vdv= - cos v + C. 



Apart from identiiying this as integration formula 1-8 
there is little more to say about it ~ except to caution 
you to reraenber it v;hen you need it. And you will need it 
in the example below, 

Now for the trick we spoke of, 

There is no direct way of integrating the product of 
tv/o functions of x, such as u and v. However, formula D-7 from 
page 32 enabled uc to differentiate their product as follows: 

4,(uv) = + 

^ ' ^q:c ^qx 

and integration of both sides gives us: uv ujj +Jv§j, 

RearrangiLj the terms of this equation to read 

J' f dv 

^ax = - J u— and dropping dx in the denominators 

(since it is implicit in the expressions du and dv) we get 



1-9 



fv 



^ . du =5 uv 



- ju dv. 



This may not impress you as much of a mathematical tri- 
lunph, but it of tan turns out that udvmay be found directly 
from basic integration formulas, even though vdumay not. This 
trick is called "integration by parts*" Kerens hov/ it works, 

Sxanrole : Find Jx cos x dx. Here v = x, du = cos xd:^ hence 
u (the integral of du) = sinx (from what we learned above), 
and dv = dx. Therefore, 

fx cos X dx = /v du 

» uv - J'u dv 

= X sinx - r sinx dx 

= X sinx + cos X + C. 
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Inte^^rration by parts v/ill become meaninr-jful to you and 
nroporly anDreciated only after you have used the technique 
to solve a nuraber of problems that v/ould be difficult or 
impossible to handle in any other way. 

You v/ill have plenty of opportunities to apply this 
method in connection v/ith the exercises in your classroom 
text, so v/e v/ill not attempt to work with it further nov/. 
At least it should look familiar to you when you next en- 
counter it, 

Speakin/^ of looking: familar, does the intef;rand in the 
follpwin/;: expression seem familiar? Can you identify it? 




9 



— dv represents 



•::?urn to -'a'.'e 100 



to ohQc): your ansv/er. 
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^i^gble Ox Irioe-Traoion Formulas 



1-5 



1-6 



1-1 == x^+^ + C 



1-2 dx = X + C 



J'dx = 
j^O dx = 



I-A J cv dx = c J'v 



dx + C 



1-5 1 c dx = cx + C 



j*c d: 

j^(u+v)dx = ju dx + J^v dx + C 



1-7 [v'^dv = v^+^ + C 

I-S Jcosvdv = sinv+ C, and J*sinvdv = -cos v + C 



1-9 V du = uv - ( u dv C 



jv du = uv - ^\ 



1-10 1 ~ = log^v + C 



And nov; it is time v/e looked at some aDx^li cat ion s 
of inte-:ral calculus. In tiie iiext chapter v/e will conniaer 
the distinction betv/een definite interrals and indefinite 
intG^-rals and cee hov/ the T^rocens of into^^ratlon can be used 
to find, for example, the area under a curve. 



Civrn to pa 30 101 , 
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Perhaps you remembered the lof, function from our dis- 
cussion on page 71 of hov/ to find the derivative of a Icr^- 
c^riohnic function. In any case it is another perfect example 
of the fact that v/s cannot inte.'?rate an ex pression unless we 



snecifio function i 

Here is the complete inte/rration fomiula for a lof^arith- 
r-\ic fimction: 



If you get the impression that we are moving much more 
rapidly in de">^iving our formulas for integral calculus than 
we did for differential calculus, you are quite right. The 
reason for this is, as v/e have mentioned "before, that we 
cannot derive integration formulas as v/e do differential 
formulas by the delta method. Therefore, v/e can only fam- 
iliarize ourselves with the integration formulas developed 
by others (research matematicians) over a period of many 
years. Our job is simply to recognize v/hen and hov; to 
use them! 

I'Tow if you v;ill turn to the next page you v/ill find a 
list of the ten integration formulas v;e have discussed. 
These are, of course, only the most elementary ones, but 
the only ones you need be concerned with in this book, 

Contin-i-ic on 'oz/^o 09* 



first cre^ ahlft jto jn^^ it as the derivative of some other 
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The type of intef^rals discussed in the last chapter are 

Icnov.T. as inrl o fini t e int e ^^^T_al s . T?iis is because they are of 

, V ,"v(see page 89) 

the ^ceneral forni f(x)dx = P(x) + Q/, henoe no matter what value 

\!Q substitute for x the value of the integral is still inde-V 
inite, since the constant of integration, C, can have any arbi- 
trary fixed value. Hence the table of integrals appearing on 
pa;«;e 99 actually is a table of indefinite intef^rals. 

ifowover, as su^i/^ested earlier, in specific applications 
the yalue of an indefinite int er^ral can a lv/a ;'/ ;s be found b y 
deternininrr itp constant of int er:rat ion unde r the specific 
condi tions of any •:ri ven nroblen . 

This leads us to the concept of the definite integral , 
and it is definite inte^i'cals v;e are goinp; to discuss in this 
chapter, vfnereas the indefin ite inte.^rral is a function ob- 
tained by v/orkin?; bacla"/ard from its derivative, the value of 
the definite j■nte.'^^al is a number , defined by a limiting pro- 
cess, as v/e shall soon see/' 

T:ie indefinite integral is then, in a sense, the link 
betv;een the derivative and the definite integral, 

To make surp you are clear as to the distinction betv/een 

these tv;o types of integral, indicate whether you consider the 

follov/in:-: statement true or false. 

An integral is indefinite so long as it contains 
a constant .ihat cannot be defined. True or Palse ? 

Turn to tia-'e 102 to check your ancv/or. 
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AA 



0^ 



V/e r.entioned quite some time ar,o that one of the problemG 
early mathematicians .founcl difficult (imTDOSSible, actually, 
in a precise sense) to solve was that of finding the area under 
a curve. Integral calculus lends itself perfectly to the solu- 
tion of this kind of problem. To find out why, consider the 
illustrtition above. 

Suppose v/e v/ish to find the area A under the curve — 
that is, between the curve and the x-axis — ana between the 
^i^&fiG X - a and x = b, Let*s start by considering a very 



small part of that area, namely, the se/^ment shown above as 
beinj ^x v;ido and y high, 

Hov/ if we can assume for the moment that y is the average 
heif;ht of that small se,i^:ment (that is, the average of y^ and yg), 
then the area of that tiny rectangle v/ould be given by 

= yAx, 

T'lote: y isn't really the average height nor AA a rectangle. 
Hov/ever, Ax is very smal]., ard as we let it approach 
zero — v/hich v/e v/ill in a moment — y becomes the 
height and M beoop.or:. a rectangle. 
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':!q :\S^id the area of — that tiny portion of the 



v;hole area,^A — ;juGt as v/e would in any roctanjr^le, by 
r.ultiplyinp^ the base times the hei^jht. Once more, then, 



Ali = y» ^vx. 



which v/(!y can also v/rite ^ = y» 

Now'lf we take the limit of this function as x— »0, and 
y^ and y^ — -Vy, we -^©t r^^;;^;^^^^ = f^^, or dA = y dx 

let's look at that last equation for a moment because 
it is most important to v/hat v/e are doin,^; and therefore most 
important that you are clear as to what it says , 

Xi'^.^s.^;/;?,, that^ gg'C^ ^-^'^'^'^^■ .M'!^- "t^Q ^^ e^ under 
i?B5:ye_is^^eau^^ 

■glljc c e s g i ye p o int alonp; th e curve • 

T'his tells us that if v;e add up all the little slices of 
area under the curve v/e should arrive at the tot al area of A. 

Have you any idea hov/ v/e v/ill f^o about adding them up? 
If you have, v/rite it dov/n here: 



to p?,:;c 5S to reviov; tho r?lationchip bctv/ecn a ratio 
ou.oh ar — and the derivative- 4^, in cacc you have for^'ottcn. 



C)o cr-cclr your anr/,;or turn to pa;;o 10A, 
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••:.nc. Into •■'rate both oicloc of the cfiucition, 

That's ri^'ht: Tntc-rate both sidon of the cpiT?.tion . 

JcU =: J'ycl:-:, or A = J"yd::, 
T lite "'rat:'. or "oaric-Ll 1? a snn-iln'-^ vv rixocor.z l That is, 
the dooircd ouantity is obtained as the limit of tho cum v/hon 
the nuiifoor of its parts is increased indefinitely. In this 
case v;e v/ish to sum up all the small bits of area to s'et the 
total area A. 

Cince y simply represents some function of x, v/e can 
replace it v.'ith the more £:eneral expression f (x) ar> v;c 
freciuontly have done before, 2hey mean the same thin^. Thus 
v;o can v.Tite A = j"f(x)dx, 

V/e are not through yet because v/e still have not actually 
evaluated the integral on the right-hand side for the specific 
limits X = s and x = b, v/hich r-^.lc'? it a definite inte.^rral, 
(?.em.or;ber v/e set out to find the area "betv/een these tv/o limits,) 

It^ic-' customary to shov/ these limits in this way: 
( f (x)dx, assumin:: that a is smaller than b. This is 
read "the inte,2:ral from a to b of y dx," V/e are not (^oin^^ 



r 



to burden you v/ith the ^roof, but it turns out that 

b 

f(x)dx - ]?(b) - ?(a). 

Or, puttin.:!,' it in v;ordo: Inte:;rate the differential of tho 
arcr^. under tho curve and substitute in this, first tho upper 
limiit and then the lov/er limit for the variable, and subtract 
the last result from the first. 

Tho constant of inte;;ration, you v/ill note, 'l-'.sappoars 

in the subtraction and therefore need not be considered. 



A3 in often the cane, you v/ilD. find evaluatin.": definite 
iuto/'Txil^^ oanier to do than to road about. But "before v/e 
irfcai't lot* a v/rite dovm our formula a.r^ain so that we v/ill have 
it ri:-^ht in frfint of us v/hen perforinin,f^ the evaluation, 

■Sr 



f(x)dx = - j?(a) 



'^xanRO.o ; Find the value of the definite inte,?;ral 



Sten 1 . 
•Ztoi-) 2, 
St on ':>. 



f 3x^dx 
Inte/^rato 



L A. 



Substitute upper limit: P(b) =|^^-|^ 
Suhc?titutG lov/er limit: l''(a) =j^j(o)^j 



12 
0 



Stop 4. Subtract the last from the first: 

P(b) - P(a) =12-0=12 
Hence the value of the integral (area under the curve) is 12, 



Stet) 1 , 



Step 2, 



Pind_the value of the definite integral 
(4x - x^)dx — — 



Intef>:ratin.r< (from formula 
1-6, pa.p;e 95): 



o 2 

2x^ - --r 



Substituting (here we will combine steps 
2, 5, and 4 above): 



2(2)^^ - ^ 



4 



2(0)2 . 0. 



or 



8 



. 4 - 



0 =8-4=4. 



G-et the idea? Nov/ here's one you can try on your ov/n. 



ana 



the value of the definite integral ^ 4x^ - x^. 



^urr. to pa.:;e IO0 to checl: your ansv;er. 
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Did you r;et the correct ansv/er? Here'^d the solution 
,1ust in case you had any trouble. 



V/e start v;ith the definite inte/;ral 1 4x^ - x^. 



Inte.^ratin.e v/e .'^.•et; 

And substitutinr?; limits: 
V.liich itives us our ansv/er: 



Ax 

A 



o 

4 




81 



- 9 



= 72. 



Nov/ it is time to aT)ply this procedure to findinr-: the 
area betv/een tv/o ordinates under some recognizable curve 
so that you v/ill see just how the v/hole concept v/orlcs in 
an applied v/ay. 

So loo!: at the next page and v/e v/ill consider the problem 
of fi:ndin/s the area under i;he parabola y s= x^, both v/ith re- 
lation to the X-axis and the y-axis, just for practice. 
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mumi 



'■:xant)le 1 ; Find the area A imder the curve y = 
betv/een the limits x = 0 and x = 5. 

(y = V/G3 chosen for f(x) in this example hecause it 
easy to integrate and has some other advantages v/e v/ill 
discuss later.) 



Definite intef<ral: 
2 

integrating x dx we get: 



"dx^ -,3 



iron v/hich: 



Or: 



-[¥]-[«> 



ICine, then (in whatever -units), represents the area 
under the curve y = x and the x-axis betv/een the ordinates 
X ss 3 and x = 0. Kow let's consider the area betv/een the 
same curve and the y-axis. 



-1()M- 



8- 



7 - 
5 A 



o You reca.ll v/g said 

p 

t:\at tho runction y = had 

soiTie vother advani;a;';:es? One of 
then is that v/e can easily check 

the results of our intefcration, 
Hov;? It is apparent that the 
entire area, A, of the rectangle 
"bounded by the x-axis, the y-axis, 
and the limits x = 5, y = 9 is 
5*9 or 27. And since we just 
found A^ = 9 then, since A = A^ + ■'^2' 
Ap shou3.d equal 18, Let»s see if 
it does. 



This time our A is equal to x dy, since we are usin^ 




a horisontal instead of a vertical segment. Hence v/e can 

X dy 



v/ri"ne 
or, since x - y'^. 



^2 
Ao 



Inte.:crating y'''dy v/e get: 
Or: 



Jy^dy 



Ag = 18 



nence 



^'1 "*•" ^'2 = ^"^^ ^^"^s verified our results 
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\\o\i it '3 your turn. 

Above is the p:raph of a slU^'atly steeper exponential 
curve v/hose snape is{; .?:iven by the function y = x*', consider- 
in.- X as the independent variable. However, if v/e think of 
y as the inde-oendent variable then, takin^^ the cube root of 
both sides of the equation, v/e net x = y You v/ill need 

both these expressions, just as v/e needed them in our tv/o ex- 
amples on the T^reccdinrc pa.'^ies, 

Ptoo] en?. : Prove that the total area a — made up of the 
area betv/een the curve and the x-axis, A^ , and the area be- 
tv/een the curve and the y-axis, A2 — is 81. (To do this you 
v;ill integrate the function y = x^ between the limits x = 0 
and X = 5, then intef<rate the function x = y''^^ for the limits 
y = 0 and y = 27, then add your results together.) 

ans. A^ = a. s. 




Turn to pa^'e 110 to check your ancv/crs 




At this -oolnt yoM ir.ip;ht properly expect a few more 
exanT)les or T^roblems shov/in/?: further applications of the 
definite integral. If so, you v/ill Tdb disappointed, f oh this 
as a. far as v/e shall {to v/ith inte.'^iration. 

'2he reason for stopping here is that althouf^h there are 

many examples that v/e mi.'rht work together showing the use 

of inte.'iration to find areas under curves, the lengths of 

sectors, the volumes of many kinds of geometric solids, the 

centoids of "bodies — to say nothing of the applications to 
A 

electricity and electronics — nearly all of these v/ould 
require the use of inte/^ral forms v/ith v/hich you are as yet 
still unfamiliar. And, ilas, there is no time to examine 
them in this hrief introduction to calculus. Ho-oefully, 
you v;ill ha.ve time to do so in your re^iular course. 

?/;.t nov/ it is time instead that v/e reviev/ what v/e have 
covered v/ith rer-ard to intef-ral calculus. 

Accordin-'ly, if you v/ii; turn to page 111 v/e v/ill begin 
our r,irnnary of thi.s arpcct of the subject and follow this v/ith 
a brief self-ruiz that vdll enable you to see how v/ell you 
have done — and iDerhaps be guided to review as necessary. 
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Aov iav/ o f intG'-'T'al calc iil vs_ oonoer^o3^ 



Reviov; Item 


•»^ef . 


Example 


1 . !rnv,c.-ra.l. cnlcul\is is the 
\nvo>.':^e of differential 
OT'**"! oifiu.?. . 


85, 

86 


y = X 
y' ^ -'jy} 

. . 3x dx " x^ + 0 


r?. -..'he into-ral s.-vnr.bol is an 
el on :atod 3. 


86 


r 

J 


]>. I^he expression that ar>pears 
ir:r:ediatoly after the inte- 
• •rn] i:.i''y in called the 

i^irncVion to be incerrated. 


86 


J^x^ ^t e :'rand 


4. "fnen dif ...erentiatinr an 
cX:*iro3oion, a*n.y constants 
in it vhroo out. -j.^herefore, 
not knov/in,- v/hat constants 
'.:ay have been in it ori- 
:inally, v/hon v/e into'';rri.te 
a function v/e :.'iU3t alv/ays 
add the letter C to repre- 
sent the "constant of in- 
ter/ration," a collective 
term for v/hatever constants 
may hr.ve been in the ori- 
••;inal expression. 


88 




5, -Trie s^nfool P(x) often is 
. used in inte^-^ral calculus 
to represent the original 
(\indifferentiated) func- 
tion as an alternate to y, 
Sinilarly, f(x) often 
serve? in nlace of y' to 
represent the derivative. 


88 


4 

y = X 

y» = 4x^ = f(x) 
[ f(x) = J4x^ = x"^ + C = P(x) 


6. Inte.':ration is, in fceneral,| 
a process that has to be 
performed by thirJcinc'- 
bac'.r.'/ards. 


SO 

1 


then j^nx^"'' = x^ + C 


7. "I'o inte.'.-rat.^ e simple ex- 
ponei.oia,! xuncoion v/nose 
ori'^inal for'n ve don't 
ir,',ov,', v;e use the forriula: 

'/■^'-A-v _ ^i1'5"1 


89 


If f(x) = J>y/ 

then J5x''dx = --y-^-- 
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Roview of inlerr?^! calculus (continued) 
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Rf^viov/ I ten 



.i:'ao:e 



a. 'J'-o intCf::ro.l of 1 (v/ritten as 

d-: v;ith the 1 understood) 
in eru.r.l to :-: plus a constant. 



9. -he integral of 0 (zero) is a 
coni--t7r.t. 



10. '^'o.o into'^-ral of a constant 
Tiuies a. variable is the same 
an the constant times the 
irite^-al of the variable. 



91 



91 



92 



Sxar.nle 



jdx = X 



+ 0 



0 dx = C 



11. intoivral of a constant 
is "iven by the forrriulo.: 



; c ex 



cx -:• C 



12. 'L'hc inte-ral of the sun (or 
difference) of tv/o variables, 
u anri V, is singly the suin 
(or difference) of the inte- 
"-rals of the functions sepa- 
rately. This rule tells us 
hov' to add or subtract inte- 
-'rrals. 2hus, 

J(n-rv)dx = J-a dx -hj'vdx 



92 
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j'^cv dx = c fv c'x 

J*2x dx = 2 j'x dx = x^ + C 



3 dx = 5x + C 



J(x^+ x^)dx = ^^dx +jx^dx 



15. y.-t is -Possible to inte.^^rate 
the f;iinot_i_on (often renre- 
sen-u'ec; by tne letter v) of 
::. For exanple, the inte'-fra- 
tion of V to sone "oov/er is 
^u.ite sirailoT to the into^^ra- 
tion of X to •nov/or. It 
requires, hov/ever, that v;e 
tho_deriv;at j.ve of v 



95 



?2c t ■p'-' rVno " tV Vt art y/TthT 

1 V QV = -^.'V 

J n 1 



1 



n-:-1 



0 



dv means 4^dx 
' ■ ■ ■ — dx 

j"3x^(x^+ b^)2dx = ? 

V = (x^ + b'^) 

dv = 3x^ 

hencej3x'^(xVD^)^dx = 

3 • ' • 



^ con mum 



Tvoviov/ Item 


ra^^e 
rof , 


1 ExaiTTole 


14. '..'>.ou ooirri'or.tod v/.lth tha tank 
of i.ulu-j '-ratin.'; an oxT>roGRion 
.i'.ivolv.tiv-; >/o_ fiinctioi-^s of x 
(v/'i.i.ch v/e de sir-mate as u and v] 
VA!! use the f ol3 ov/tnr formula: 

r ■ r 

I V ClU =: llV • j U Q V 


97 


T?.1.ndJ>: r.in xdx 

Here v = x, du = sin xdx, 

dv = dx, and 
u = Jsin X dx = -cos x 
lience i 
Jx sin X dx = -x cos x + 

Jcos X dx 
= - xcosx + sinx+ C. 


"^.erioinnerliT* that the deriv- 

at.ivn of the jc^'arithm of v 

to the base e is 

1 . . dv 

vox V ' recop;- 

iiir'iO corror*ponclin^:ly that 


ICC 


r 2 

?infi; dx. 
Jl-x-' 

Here v = (l - x ) 
and dv - -3x^, 

hence -^^ 7 dx = 

(multir)lyinr rumerator 
anci QenoTnina uor oy 
and ■brj.nvini'-c the -5 
in the denominator out- 
side the integral sip-n) 

or = - ilogg(l-x^) + C. 


1c. '!?he value of an indefinite ' ' 
inte^'Tal can alv/o.ys oe.foirn.d 
hv d(=»ter^inin.'^ its constant of 
i:nte'?r.ation under the specific 
conditions of any "^'iven t»ro"b- 
1 Grn , 


101 




17. "T'^.e value of the def inlte_ 

inte^;ral is a nj]j;Jori defined 
"oy a Unit in;:; process. 


101 




18. Int'^: '^ration, beinr: hasicall;- 
a :.>uri,in'"- :orocoss, it can be 
user, to find the area under 
a curve. 


102, 
103 


(See paries 102-109 ) 



' J O:' i !1 1,1' •I-.l'! | <!l) |.;li! (coil I, i .ilK.-n ) 

'In 



-1 



V), --0 ^ind the vali.io of a def- 
inite j.ir!;o.->;ral botv/een tv/o 
■:.lven liriitc.a anr.. 'o, r>er- 
foiTi t'le intesTraoion ci^^d 
s\i::Gt.i tv.-te in this, firsi: 
the iro-nor limit and then the 
lov/er Unit for the variable 
c.-^A subtract the last result 
fro in the first. 



'T'of 



I'lxai-.mle 



= 16 - 
= 15 



:^0, I-'i-pfiin,-- tho .irea under a 
cv.rve is r-cconplished by 
means of the nroceduro 
shov/n in item 19 above. 



107, 

108 



(See examples on 
107 and 108) 



par:es 



And nov;, havin-^ completed the reviev/, you should be 
curious to sec hov/ much you have understood and retained 
on the sub .i set of intoriral calculus — to the extent of 
our brief introduction to the subject. 

'I'urn to -oa-o 115 and you v/ill find a short self-quiz 
that should help you ansv/er this question. 



KST copy /IV/llUBLf 



-1 1 1^- 



■ 'lu r: O il tJio^ jil'Tiri C 0 n c Gp,t s_ .of Into .-■'••ra 1 G a 1 c u ]. ii r.-: 

(Circle the correct ansv/er or fill in the micsiri;^ inrormation) 



1 , Find : J 



InxG -ration is the inverse of 
di:;ferentiation. 



5x dx is a(n2. 



4. Vfnat is the inte^rral of zero dx 
{j'o dx) ? 

5. Drav/ a circle around the integrand 
in the follov/inft exr>ression: 

6 . Find : J* cix 

7. 'Che follov/in'-'' is a definite intef^ral: 

2 



SxCx"" + 3)dx . 

8. In o:eneral, integration is a process 
that r.iust be performed by thinking 
bacla/ard s , 

9. Find: J 7x dx 

10. j?ind: /(x - x^) dx 

1 1 . 5?he value of the definite integral 
is a number, defined by a limiting 
process, 

12. "The value of indefinite integral 
can aiv/ays be found by determining 
its constant of inte.^ration under 
the specific conditions of any 
given problorn. 



ans. 



True Palse 



definite integral 
indefinite integral 



ans. 



4x'^dx 



ans. 



True Palse 



True Palse 



ans,^ 
ans. 



True Palse 



True 



Palse 
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Lieir-'.iuiz on IntG,";ral Oalculuc ( continued) 



15. Courplete the following;; intef^ration 
formula: J"v^dv = 



14 



r 3 



204- 



15. It is one of the facts of Life 

of inte^^ral calculus that you can't 
inte::.;rate an.ythin,'5: until the reverse 
process of differentiating something 
else has yielded the expression you 
v;ant to inter:rate, 

16, The follov/in^- expression can be 

by means of formula 1-7 (p.95), 
inte?/ rated, /just as its stands: 



x(x" + 4)dx 



17. In inte.'7;rating an expression such as 
Jv^dv v/e roust have the derivative 

of V v;ith resToect to x to start v/ith, 

('Does your u,nswer to this problem agree 
v;ith your ansv/or to the previous 
problem?) 

18, Pind the numerical value of the 



{^2 
,: ] x dx. 



follov/in-'^ intePTal; 
19. Because integration is basicalD.y a 

^ ^process it can be 

used to find the area under a curve. 



True False 



True False 



True False 



True False 



ans,_ 

evaluati'' ?, 

precise 

summin:f{ 



i'-o\i:l;^ on luu0,":ral Oalcu3ufl (continued) 

'Ji\o coiij-.tant of intoi'Tation, C, is uacd to 
ro}ii\^Gont : 

(a) 'VhG nar.e of the mthornatician, Clavius, 
who first developed this. concept. 

(b) The particular constant term that was in the 
ori,";;inal expression. 

(c) Any constant terms (collectively) that may 
have been in the orif^inal expression. 



?o check your answers turn to page 118, 
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•X^^'^'^V^T: ^ ol'^-'^.^j y' or\ In t o.^^ral Calculus 



1 . ^-^ + 0 



to 



';.'ruo 35 

5. dexinite inte^iral , because it has stated limits 104 
4. 0 91 

Your circle should be around: 4x^dx 86 

6. X -J- C 91 

7. ?alse, becav -.e no limits are G:iven 104 
3. True * 9O 

9. •%--{- C 92 



93 



105 



10. J"(x - x^)dx = Jxdx -Jx'-^ = 2^ - + ^ 

1 1 . True 1 01 
1 2 . True 1 01 

13. jV^dv = -4-^- v"-1 + C 95 

14. True 

1 5 . True 94 

16. False, because you don»t have dv, the derivative of 95 
V with respect to x, v/hich in this case v/ould be 2x. 
Kence a 2 v/ould have to be inserted before the x as a 
Tiultiolier and a placed in front of the inte.Gjral 

si,?:n to coTnt)ensate. In other v/ords, the entire inte/^ral 
v/ould hav J to be multiplied by before the integration 



J. b.L.fJXieu fjy ^ 

could be •nerformed. 



17, True (see above) 95 
IS. or 18| 105' 



19. summin 

20. Any constant terms (collectively) that may have 
boon in the orii^inal expression, 

"Jov; that you have completed the two quizzes, check back 
and see Iiov/ many answers you got correct altO£cether. If you 
rot 36 correct (SO'/o) you did well. If you got 40 correct 
you did v erv v/ell. 

In -nartinf-: let me remind you once more that the entire 
erar)naf:.3 s of thir? book has been on introducing^ you to the 
very basic oonco-otG on vrhich differential and intef-:ral cal- 
culus are founded. V/liile no atteniT)t has been made to develop 
these concetJtF. or to show their nearly limitless apnlications 
in both theoretical and apnlied mathematics, the author 
sincerely hopes that this brief exposure to the sub,1ect v/ill 
at least have served to remove some of the mystery and terror 
that usually surround it. Also that it v/ill help relieve 
some of the confusion, and pressure that seem such an inevitable 
part of every first course in calculus. 

I'f so, my purpose will have been achieved. 



Paa'e ref . 
104 

88 



Gnmi'lK 8: HIt:>T01U0AL PERSPEGTIVfi 

The word calculus comes from the Latin word meaning 
pebble, because in ancient times people used pebbles to 
count with. And even though the name has this historical 
connection with early mathematics, it has little logical 
connection with it, since calculus was developed in fairly 
recent times after much intervening growth in knowledge. 
The name given this branch of mathematics by one of its 
inventors (Newton) is descriptive of its field of application. 
He called it fluxions , referring to the fact that calculus 
deals with change. The subject today — often referred to 
as "the calculus" — is a body of rules for calculating 
with derivatives and integrals. 

By 5000 B.C. the peoples of ancient Babylonia, China 
and Ea;ypt had developed a practical system of mathematics. 
They used written symbols to stand for numbers and knew 
tho simple arithmetic operations. They were able to apply 
their knowledge to government and business and had developed 
a practical geometry useful in engineering and agriculture. 
The ancient Egyptians knew how to survey their fields and 
how to make the intricate measurements necessary to build 
large pyramids. But this early mathematics was applied 
rather than pure . That is, it solved only practical 
problems. 

The Greeks took the next major step in mathematics 
when, between 600 and 500 B.C., they became the first 



people to separate inathematics from pratical problems, 
C-eonotry for the first time became an abstract exploration 
of space based upon a study of points, lines and figures 
such as triangles and circles. Interest in mathematics 
turned to logical reasoning rather than to facts found in 
nature.. It became a blend of mathematics and philosophy, 
since the Greeks v;ere mainly interested in geometry as a 
means of advancing logical reasoning and therefore developed 
the subject along this line. 

Even at this early date, hov/ever, these "philoso- 
maticians" ran into a number of puzzling problems. Some of 
these are embodied in the paradoxes of Zeno (495-435 B,C,), 
One involves a mythical race between Achilles and the tor- 
toise. Even if the tortoise begins the race with a 100=yard 
start, if Achilles can run ten times as fast as the tor- 
toise it seemed perfectly apparent that he would overtake 
the tortoise. The problem v;as to disprove Zeno's "proof" 
that the tortoise v/ould always be ahead. He reasoned this 
v/ay: while Achilles is covering the 100 yards that separates 
them at the start, the tortoise moves forward 10 yards; 
v/hile Achilles dashes over this 10 yards, the tortoise plods 
on a yard and is still a yard ahead; v/hen Achilles has cov- 
ered this one yard, the torioise is still '1/1 0th of a yard 
ahead. Thus, by dividing the distance run by Achilles into 
smaller and smaller amounts, Zeno argued that he would never 
pass the tortoise. The fact that an infinte set of distances 
c^uld add up to a finite total distance v/as the unknov/n fact 
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'iho.z made Zcno»c "proof" appear plausible. It v/as not 
\Uitll a better understandins of limits v/as developed that 
it became possible to demonstrate the fallacy in Zeno's 
logic. 

3ut there were other problesis as v;ell arising from 
this lack of a doctrine of limits. Most of these involved 
calculating the measures of curved figures: the area of a 
circle or of the surface of a sphere, the volume of a 
sphere or of a cone, and similar problems. Problems of 
thin kind v/oro treated by v/hat came to be imov/n as the 
^M^ lliou i teiriutionr^ . actually a method of limits v/hcrein 
tho circle v/as ro^'.-ardod as a limit of a scries of inscribed 
polyc^ons. 'i'his method enabled Archimedes (287-212 3. C.) 
to arrive at very close approximations of the correct 
values in many cases. 

A related method of limits, much more general in form, 
is one of the essential features of calculus today. Another 
problem, -uhat of continuous motion, also v/as ohe subject 
of much speculation. -Ihe G-reeks made important conceptual 
con-ributions tov/ard an understanding of motion (partly 
undv^r the pressure of Zeno's paradoxes, no doubt). But 
not unwil the development of calculus v/as there available 
a v/orkable, systematic method for describin^^ in both quali- 
tative and quantitative terms such things as velocity and 
acceleration, and for making analytical studios of various 
particular motions. 



ERiC 



Duclid, v/ho lived about 325 B.C., was one of the fore- 
most of the G-reelc mathematicians. It was he who left to 
posterity one of the greatest works of all time. His book, 
' ^V'-e Elements , is a summary and arrangement of all the mathe- 
matical knowledge of his age. It is of particular interest 
to us today because it contains most of the plane geometry 
taught in our present-day schools. And although Diophantus 
(c.A.D, 275) worked on numbers in equations, Greek mathema- 
tics was developed essentially v^ithout algebra. It was not 
until after the creation of analytic geometry in the 17th 
century that the v/ay was opened for the advances in thought 
that marked the beginning of rapid progress in the study of 
motion and other types of continuous change, 

Apollonius, v/ho v/as known as the "Great Geometer," is 
believed to have lived during the period 260-200 B,C, His 
greatest contribution v/as to the study of sections cut from 
a cone by passing a plane through it. He called the result- 
ing curves ellipses, hyperbolas and parabolas, just as we 
do today v/hen v/e study them in plane analytic geometry, 
although our method of approach is quite different from 
that used by Apollonius. 

After the fall of Rome in A.D. 476, Europe saw no nev/ 
developments in mathematics for hundreds of years. The 
i^.;abs, hov/ever, preserved the mathematical tradition of 
the Greeks and Romans. Then, during the Middle Ages, one 
of the greatest discoveries in the history of mathematics 



appearoJ v/hon mathematicians in India developed zoro and 
the decisial niimber systen. After A.D. 700 the Arabs 
adopted these inventions froa the Indians and used the new 
niuiibers in their mathematics. The Arabs also preserved and 
translated many of the great v/orks of Greek mathematicians. 
After 1100, ICuropeans began to borrov/ the mathematics of 
the Arab v;orld, including use of the decimal number system 
for business and to study Arab works on algebra and geometry. 

Gradually interest in pure mathematics grew. During 
the 1500«G rauch pioneering v/ork v/as done in the development 
of algebra, including the use of letters to stand for un- 
loiovm nmibers. The basic concepts and procedures of trigon- 
ometry also v;ere developed. Many more advances occurred in 
the I600«s, including the invention of logarithms and the 
development of new methods for algebra. A major event v/as 
the publication, by the brilliant French mathematician Reno 
Descartes in 1657, of the first v/ork on analytic geometry, 
for the first time linlcing algebra and geometry in a pre- 
cise v/ay. The rectangular coordinate system v/e usk today 
is called Cartesian in honor of Descartes, who used a modi- 
fied form of our present coordinate system in his work. 

Descartes' method, v/hich in our present day termin- 
ology relates the distances .of a point from tv/o iii^er^^- 
ing liner by means of an equation, opened the v/ay for the 
advances in thought that marked the beginning of rapid 
progress in the study of motion and other types of con- 
tinuous change. 
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.i)(ji-:pito adva-ncoc made in the field ooT mathcmaticG 
xroiii the tine of Archimedes until that of Deccartes — 
advancec in c;eometry, arithmetic,, algebra, astronomy and 
dynamics — the intervening centuries actually were among 
the least prolific in the history of mathematics. It was 
the creation of analytic geometry that finally made possible 
the appearance of a revolitionary nev/ idea that was to un- 
lock the door to an entire treasure house of new mathematics. 

Calculus furnished that key. 

It was Sir Isaac Nevrton (1642-1727) and Baron Gottfried 
V/ilhelm von Lcibnitc (1646-1716) who, v/orking separately, 
invented the calculus independently of one another. It is 
another instance of the time being ripe for the development 
of an idea, and the idea came. 

Calculus is a natural outgrovrth of the application of 

algebra and analytic geometry to certain problems in physics 

and '-oometry. As we have seen, some of these problems had 

been considered by the mathematicians of ancient Greece. 

— hov; to analyse it and hov; to describe it accurately — 
C?ne nature of continuous motion/v/as one such problem, and 

the subject of much speculation. Although the Greeks did 
indeed make important conceptual contributions toward an 
understanding of motion, it v/as not until the development 
of calculur: that there v/as a,vailable a v/orkable, systematic 
niethod for describing such things as velocity and accel- 
eration in qualitative and quantitative terms, and for 
r.akinr;' analytical studios of various particular motions. 
At first the basic concept of calculus — the underlying 



idea of limits — was seen only dimly. Not until nearly a 
century and a half later did the Prench mathematician 
A.L. Cauchy (1789-1857) give the doctrine of limits its 
final form, a doctrine that emerged clearly as the founda- 
tion for much of the structure of modern mathematics. 

Ke\rton v;as nof only a powerful mathematician but also 
a scientist v;ith a vivid and trained imagination. It was 
his interest in the motions of the sun, moon and planets, 
in tidal action and falling bodies — culminating in his 
famous laws of gravity and motion — that led to his need 
for some precsie, mathematical method for determining in- 
stantaneous velocity and for expressing the transient re- 
lationships between time, distance, velocity and acceleration, 
that is, a v/ay to handle d?niamic problems. The traditional 
problems of finding the tangent to a curve at a point, the 
area bounded by a closed curve, and the volume bounded by 
a surface also pressed for solution. 

It is not surprising, therefore, that the tv/o central 
concepts that finally emerged are, as we have seen from the 
foregoing chapters, interpretable in terms of motion and 
area. The one concept, that of the derivative, is illus- 
trated by the velocity of a moving point. Ihe other concept, 
that of the integral, is illustrated by the area of a certain 
geometric figure having a curved line as part of its bound- 



It would not "be fair to leave you v;ith the impression 
that calculus eriier. ad full-'blovm v/ith Nevrton and Leibnitz, 
Many of their concepts that emerged almost as inspiration 
had to be substantiated by rigid mathematical proof — and 
this took time, and the work of many other brilliant mathe- 
maticians. Although the basic notions on which calculus 
rests have not changed to any great extent since Nev/ton»s 
day, the techniques, applications and extensions of these 
fundamental ideas have been expanded enormously. 

Perhaps you yourself will some day add another chapter 
to the history of the development of calculus. V/ho knows? 



# # # 



